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Stochastic programming software: a comparison for
investment problem

Luk�a�s Adam 1

Abstract. Many practical problems involve solving stochastic optimization
problems. As the number of scenarios increases, even in the linear case the
necessity for specialized algorithms and software arises. This is especially true
for the polyhedral case, among which minimization of several risk measures
belongs, namely conditional value at risk, mean absolute deviation and others.

In this paper we deal with investment problem minimizing conditional value at
risk. This model is solved using several algorithms, namely deterministic equiv-
alent, L{shaped algorithm, both in basic and multicut versions, furthermore
we present hot start method. Regarding software, we present the comparison
of specialized two stage programming software SLP{IOR with general purpose
optimization software GAMS. For large scale problems, the best performance is
obtained with the L-shaped method solved in C# using GAMS solver CPLEX.
Keywords: stochastic programming, algorithms, software, CVaR.

1 Introduction

Linear two stage programming is one of the simplest examples of stochastic programming. These problems
are well documented in many publications, for example in [2] or [3]. In this paper we provide a practical
�nancial optimization problem. This problem is only one stage problem, but thanks to conditional value
at risk in its objective function, it can be laid out into two stage problem.

Conditional value at risk is the expected loss given that loss is greater than or equal to value at risk,
which is � {quantile of the loss distribution for given con�dence level � . CVaR was devoloped in [6] and
its minimizing can be done by solving

min
x;z

c0x + z +
1

1 � �
E[q(� )0x � z]+

s:t: x 2 X; z 2 R;
(1)

where c is given vector, x are portfolio weights, L(x; � ) = q(� )0x is random loss function,X is polyhedral
set and � 2 (0; 1) is prescribed signi�cance level. In the rest of this paper we will suppose thatq(� )
can attain only �nite number of realizations, denote them q1; : : : ; qK with the corresponding probabilities
p1; : : : ; pK . Problem (1) is not linear, but can be linearized by adding slack variableswk . The problem is

min
x;z;w k

c0x + z +
1

1 � �

KX

k=1

pk wk

s:t: x 2 X; z 2 R;
wk � q0

k x � z; k = 1; : : : ; K;
wk � 0; k = 1; : : : ; K:

(2)

Because of the expected value in the objective function, problem (1) can be rewritten as a two stage
problem with �rst stage

min
x;z

c0x + z +
1

1 � �

KX

k=1

pk Q(x; z; � k )

s:t: x 2 X; z 2 R;

(3)
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where Q(x; z; � k ) is optimal value of the second stage problem

min
wk

wk

s:t: wk � q0
k x � z;

wk � 0:

(4)

Problem (2) is called deterministic equivalent and problems (3){(4) two stage problem. Because of
the special structure of the two stage problem, specialized algorithms can be used. The best known is
L{shaped algorithm, whose short description will be provided. Because�(x; z ) =

P K
k=1 pk Q(x; z; � ) is

polyhedral function, it is equal to maximum of �nite number of linear functions, denote them bl � c0
l x � dl z

for some scalarsbl , dl , vectors cl and l = 1; : : : ; L . In every iteration at least one of these functions is
constructed, these functions are called cuts.

Problem (3) can be rewritten as

min
x;z;�

c0x + z +
1

1 � �
�

s:t: x 2 X; z 2 R;
� � bl � c0

l x � dl z; l = 1; : : : ; L:

(5)

Parameters in cuts are based on the solution of the dual problem to (4):

max
� k

� k (q0
k x � z)

s:t: 0 � � k � 1;
(6)

hence the optimal solution is either � k = 0 or � k = 1.

In L{shaped algorithm in every iteration we construct candidates for optimal solution ( x l , zl ) and if
they are not optimal, we add a cut. If we want to �nd supporting hyperplane to �(x; z ) at point (x l ; zl )
it can be shown that bl = 0, cl =

P K
k=1 pk � l

k (�q k ) and dl =
P K

k=1 pk � l
k , where � l

k are optimal solutions
to (6) if we set x = x l and z = zl . Because either� l

k = 0 or � l
k = 1, we can write cl = �

P
k2K l pk qk ,

dl =
P

k2K l pk , where
K l = fk ; � l

k = 1g = fk ; q0
k x l � zl > 0g: (7)

Because of this, it is not necessary to solve a subproblem for everyk, but it is su�cient to �nd the sign
of q0

k x l � z.

By master problem we will understand

min
x;z;�

c0x + z +
1

1 � �
�

s:t: x 2 X; z 2 R;

� � x0
X

k2K l

pk qk � z
X

k2K l

pk ; l = 1; : : : ; �;

(8)

where � is the number of current iteration. It is a modi�cation of problem (5), but among constraints
there are only already generated cuts.

L{shaped method was described for the �rst time in [7] and its application to (3){(4) is simple.
Di�erent approach with the same result can be found in [5], this approach is more concentrated on
properties of setsK l . Now we will summarize the whole algorithm.

1. Set � = 0, K0 = f1; : : : ; K g and to master problem (8) add cut � � x0P K
k=1 pk qk � z.

2. Increase� by one, solve (8) and denote its optimal solution (x� ; z� ; � � ).

3. According to (7) compute set K � and

! � = ( x � )0
X

k2K �

pk qk � z�
X

k2K �

pk :

If ! � � � � , stop the algorithm, (x � ; z� ) is optimal solution to (2). If preceding inequality is not
ful�lled, add cut to master problem and return to the �rst step.
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One important question arises: which algorithm should be used and in which situation. Firstly we will
compare algorithms from theoretical point of view. In deterministic equivalent we solve one big problem.
When using L{shaped algorithm, this problem is split into one master problem andK subproblems. In
every iteration all of these problems are solved. In linear programming, mainly the number of constraints,
not variables is important. This is because it is necessary to invert base matrix, whose dimension is equal
to number of constraints.

That implies that L{shaped method should be able to solve larger problem than deterministic equiv-
alent. Furthermore, for larger problem it should provide results faster. On the other hand, we have to
hope that the cuts will be chosen properly. For example when solving master problem (8) the number of
added constraints can be as high as 2K , which is an immense number even for smallK . As we will see
later, the algorithm is fortunately well behaved and the size of master problem is kept small. However it
is not di�cult to �nd an example, in which it is necessary to add all possible cuts. In this case L{shaped
algorithm would be more time consuming than solving the deterministic equivalent.

We will meet one of these examples later in this paper, let us shortly mention it. There are many
variants of L{shaped algorithm, one of them is multicut version. In base version we estimate from
below

P K
k=1 pk Q(x; z; � k ). Only one parameter � is needed. In multicut version we needK parameters

� 1; : : : ; � K and all the functions pk Q(x; z; � k ) are estimated separately. The idea of this variant is that
in every iteration more information about �(x; z ) is gathered, so less iterations will be needed. On the
other hand, the master problem will be larger.

Because (6) may have only two optimal solutions for any (x; z), for any �xed k the function Q(x; z; � k )
is piecewise linear with only two pieces, on one being equal to zero. Thus multicut version will be virtually
identical to solving deterministic equivalent. This would not probably happen for any problem in which
second stages are more complex.

In next section we will compare several types of software. This is of course not the �rst attempt to
compare software or solvers, good descriptions of di�erent software can be found for example in [4] or [8].
However, in most comparisons only small problems were taken into account. In my opinion, this is not
the correct way to address the problem. For small problems if the di�erence should become signi�cant,
lots of problems would have to be queued. For example in SLP{IOR it is not possible to write source
code, thus it is not possible to automatically queue several problems.

To test software problem described in [1] was used. We solved problem (1) withq discrete and depend-
ing on seven independent random interest and exchange rates. Together there wereK 2 f 128;2187;16384;
78125;311040gscenarios. Loss function with opposite sign indicated pro�tability and each instrument
depended only on two to four from seven random variables. The polyhedral setX depended on parameter
h 2 [0;1] in such a way that

h1 < h 2 ) X (h1) � X (h2): (9)

2 SLP{IOR

First of the compared software is SLP{IOR, which is specialized on linear stochastic programming.
Unfortunately it is not able to solve any nonlinear problems except for two types of problems which
can be linearized. First complication appears when loading problem, SLP{IOR does not support user’s
programming, so the problem must be loaded in SMPS format, which must be generated �rst. Doing
so caused several di�culties, mainly the length of generation and the size of generated �le. Concrete
numbers can be seen in table 1.

K Time [s] Size [MB] Loading time [s]
128 0.101 0.763 2
2187 1.543 14.821 2
16384 12.368 114.874 55
78125 56.759 553.945 4:30
311040 4:06.130 2214.273 ?

Table 1: Time of generation, size of �le and loading time of SMPS format
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In the �rst column we can see the number of scenarios, the second one refers to the time in seconds
which was taken by generating the SMPS �le. The largest problem needed four minutes only to generate.
In the Size column, there is the size of generated �les, the largest �le was bigger than 2GB.

The problem is the core design of SMPS format. Besides other things we have to specify all the
random variables for every scenario. As we have already said, generally pro�tability may depend on
seven indexes, but one particular pro�tability of given �nancial instrument will depend only on four or
less of them. So in programmable environment, it is possible to create and store several smaller tables
and use them on the 
y during the generation of problem, whilst when using SMPS, all this information
has to be computed and saved ahead. In SMPS format there will be plenty of recurrent information,
every value will be repeated at least hundred times on di�erent places in the �le.

After generating, the �le was loaded into SLP{IOR, the times needed for SLP{IOR to load the �le
can be seen again in table 1 in the last column. The times are not precise, because it was possible to
measure them only by stopwatch. The interrogation mark means that the times di�ered signi�cantly, the
average time was around twenty minutes, but in one case the SLP{IOR froze and had to be terminated.

Furthermore, SLP{IOR managed to solve the problem only by generating and solving deterministic
equivalent. But for this way we do not need specialized software, we will discuss it later on. For the record,
QDECOM, solver using quadratic decomposition, which is based on the multicut version of L{shaped
algorithm, was not able to �nd any feasible solution.

3 GAMS

In the rest of this paper we will consider another optimization software GAMS, which is general purpose
software. That means that we cannot use decomposition algorithms directly. One possibility is solving
deterministic equivalent, which becomes progressively larger and for largeK GAMS is not capable of
solving the problem. Precise times can be seen in table 2 in two columns corresponding to header CPLEX,
which is GAMS core solver for linear programming. The �rst column denotes the number of iterations,
which were carried out by GAMS. The second number represents the total time in which the problem
was solved.

Another possibility is to implement L{shaped algorithm described earlier in this paper. The results
are stated in two L{shaped columns. The �rst one is again the time needed to solve the problem and the
other one the number of iterations, which has a slightly di�erent meaning than in previous case. Here it
is the number of iterations in L{shaped algorithm, not the number of iterations performed by a solver. It
may be surprising that for smaller problems the deterministic equivalent provides better solution times.
This is probably due to the quality of CPLEX.

It is important to realize that the size of master problem (8) does not depend on number of scenarios
K , but only on number of iterations � . Because the number of iteration is kept small even for largeK ,
the master problem will be small as well. This means that the master problem is solved in negligible
time, while the time consuming part is the generation and summation overK � , whose dimension can
be as great asK . Because GAMS is not good at working with large arrays, it turned out that it is
better to work with some object oriented language. I chose C#, in which the majority of optimization is
written, mainly the computation of necessary variables and values, generation of source code for GAMS
and searching throughK � . GAMS is only called to solve the master problem.

The results are in table 2 in seventh and eighth columns. For smaller problems the solution times are
not as good, this is caused by the communication between C# and GAMS, this time is again independent
of K . For greater K this method is superior. The number of iterations is clearly identical to solving in
GAMS, because the algorithms are the same, only the realizations di�er.

Another improvement can be achieved by using cuts generated in previous solving. Indeed, forh 2
f0; 0:1; : : : ;0:5g denote the corresponding feasible setsX (h). Becauseh in
uences only the constraints,
the objective function remains the same. This means that the cuts generated in problem withh1 remains
lower estimation of �(x; z ) for problem with h2 > h 1. Because the solution time is not so in
uenced by
the size of master problems (and thus by the number of cuts), but mainly by the number of iterations,
this shows to be a good way to save some time when solving nested problems.

On the other hand, if we had long sequence ofh1 < � � � < h N , it could happen that we will store huge
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h K CPLEX L{shaped C# Hot start
0 128 0.407 7 1.727 10 2.852 10 2.902 10

0.1 128 0.356 11 2.291 14 4.319 14 2.929 10
0.2 128 0.349 11 2.205 14 4.344 14 0.334 2
0.3 128 0.355 11 2.152 14 4.189 14 0.657 3
0.4 128 0.414 11 2.186 14 4.131 14 0.339 2
0.5 128 0.372 11 2.014 13 3.950 13 1.003 4
0 2187 1.540 358 18.138 45 18.571 45 19.117 45

0.1 2187 1.600 373 14.608 37 15.472 37 11.890 26
0.2 2187 1.742 435 19.338 49 20.391 49 16.125 34
0.3 2187 1.640 470 19.593 48 19.820 48 14.341 28
0.4 2187 1.841 464 15.866 42 17.440 42 13.491 26
0.5 2187 1.850 473 16.384 42 17.369 42 12.693 23
0 16384 17.667 2663 1:14.060 42 38.611 42 36.707 42

0.1 16384 26.101 3494 1:50.894 64 56.817 64 55.032 54
0.2 16384 19.666 2984 2:03.248 67 1:01.387 67 54.135 55
0.3 16384 30.704 3546 1:45.881 58 52.483 58 48.682 47
0.4 16384 28.848 3390 1:06.133 36 31.965 36 24.709 23
0.5 16384 35.904 3836 1:24.989 47 43.168 47 34.178 31
0 78125 4:32.370 13948 6:25.737 52 2:34.848 52 2:29.557 52

0.1 78125 5:41.063 15382 11:42.975 93 4:39.386 93 4:44.238 94
0.2 78125 5:30.011 14932 6:25.400 53 3:01.012 53 2:33.667 45
0.3 78125 8:12.615 17788 6:59.819 55 2:44.145 55 2:14.903 42
0.4 78125 5:33.441 16218 7:14.018 60 3:01.343 60 2:32.247 45
0.5 78125 8:24.959 18247 6:50.092 58 2:57.148 58 2:26.726 43
0 311040 x x 57:10.192 111 22:42.622 111 25:26.102 111

0.1 311040 x x 54:36.342 111 23:06.111 111 8:43.769 38
0.2 311040 x x 32:24.348 67 13:36.060 67 12:28.154 55
0.3 311040 x x 31:01.003 62 13:34.051 62 12:44.721 55
0.4 311040 x x 31:33.420 63 12:41.594 63 11:34.290 50
0.5 311040 x x 37:07.353 64 13:09.851 64 11:44.770 50

Table 2: Software comparison

number of redundant cuts and solving master problem would take too long. Fortunately, this is not the
case forN = 6 because no more than 100 cuts were generated in majority of problems, so the master
problem was be kept small. For largerN a technique deciding which cuts to store and which to throw
away would have to be developed. Because in every solving we do not start from scratch, but with some
cuts obtained earlier, this method is called hot start.

Numerical results are again in table 2 in the last two columns. Solution time was slightly improved.
There is another method: to consider decreasing sequence ofh1 > � � � > h N and apply the hot start
method again, this time the previously generated cuts will not be only lower bounds, but also supporting
hyperplanes for �(x; z ). Despite this, the solution time remains approximately the same.

In the end we return to the multicut version. We have already said that in some situations it may
provide similar results to the deterministic equivalent. This is the case of our problem. Because CVaR
denotes the expected loss in (1� � )100% cases,jK � j � (1 � � )K must hold true. This means that at
least (1 � � )K cuts must be added to master problem. Unfortunately, this is only a theoretical bound,
in reality it will be much greater.

As we can see in table 3, in most cases only two iterations were necessary to �nd optimal solution, in
some cases it was necessary to complete three iterations. These cases are marked with / inK2 column.
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h K Time [s] jK 2j h K Time [t] jK 2j
0 128 0.441 64 0 16384 10.184 4236/4780

0.1 128 0.407 88 0.1 16384 11.594 4499/4503
0.2 128 0.367 96 0.2 16384 12.677 4800/4805
0.3 128 0.370 98 0.3 16384 7.519 5147
0.4 128 0.373 100 0.4 16384 9.994 5462
0.5 128 0.361 128 0.5 16384 10.611 5595
0 2187 1.884 810/856 0 78125 2:29.663 24235/25847

0.1 2187 1.084 819 0.1 78125 2:26.571 24818/25000
0.2 2187 1.242 833 0.2 78125 3:00.984 25443/25446
0.3 2187 1.258 832 0.3 78125 1:49.108 26075
0.4 2187 1.307 843 0.4 78125 1:55.736 26800
0.5 2187 1.246 838 0.5 78125 2:40.379 26922

Table 3: Multicut version

The theoretical su�cient size of jK � j = 1
20 K is not achieved, the actual size corresponds approximately

to 1
3 K . Because of this, the multicut version was not able to optimize the largest problems. On the other

hand, in small problems, the solution times are on a par with the best tested methods.

4 Conclusion

In this paper we compared several types of software and algorithms, where the emphasis was put mainly
on GAMS. In my opinion the best idea is to use deterministic equivalent because of its simplicity. If de-
terministic equivalent is too large to be solved, some decomposition algorithm has to be used. Concerning
whether to use only GAMS or connect GAMS with any object oriented language, I would recommend
relying only on GAMS for simple problems. When the problem becomes complex, for example with
necessity of code repetition, object oriented languages should be used.
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2 Theoretical Background 

2.1 Determining activity duration for the PERT method  
For the PERT method distribution it is supposed that an arbitrary quantity describing the activity duration will 
resemble the beta distribution. For the beta distribution the following density of probability is used (Malcolm et 
al., 1959):  

�� �� �� ��
b

a

   0                        if    t a

f t dt 1             f t    c( t a )(b a )    if    a t b

   0                        if    t b

���­
�°� � �� �� �d �d�®
�° �!�¯

�³  (1) 

More details concerning mathematical basics of the PERT method, especially the density of the beta distribution, 
can be found in [10] or [8]. The reason why it is possible to presuppose the beta distribution with a significant 
right-handed asymmetry for the activity duration consists in the fact that people responsible for the activity 
realisation do not state real duration of their activity based on their true judgement. On the contrary, they state 
the time period grossed up with a particular time reserve. When questioned, prior to the activity realisation, the 
time estimates of activity duration periods will be overestimated. Therefore, after the activity has been realised, it 
often shows that, in reality, the activities were finished earlier or they could be finished earlier. For every activity 
in the project the PERT method implements three parameters: an optimistic estimate of a duration period (a), a 
pessimistic estimate of a duration period (b), and the estimate of the most frequent activity duration period (m). 
The PERT method defines the formulas used in practice as follows:  

�� ��22
t

a 4m b
6

b a

36

�P

�V

� � � �
� 

��
� 

 

(2) 
 
 
 

(3) 

The aim of the calculations based on the formulas  (2) and (3) is to determine middle values  (2) and dispersions 
(3) of all deadlines as soon as possible and allowable at the latest for all activities and a consequent 
determination of a critical path. As the three-point estimate we regard the formula (2), where three parameters 
are used and which is applied to estimate the activity duration period in the project (see Figure 1):   

 

Figure 1 Beta distribution for values: a=1; m=2; b=7. 
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Modeling multivariate volatility using wavelet-based
realized covariance estimator

Jozef Barunik1, Lukas Vacha2

Abstract. Our work brings complete theory for the realized covariation
estimation generalizing current knowledge and bringing the estimation to the
time-frequency domain for the �rst time. The results generalize the popular re-
alized variance framework by bringing the robustness to noise as well as jumps
and ability to measure the realized covariance not only in time but also in fre-
quency domain. Noticeable contribution is brought also by the application of
the presented theory. Our time-frequency estimators bring not only more e�-
cient estimates, but decomposes the realized covariation into arbitrarily chosen
investment horizons.
Keywords: multivariate realized volatility, covariation, jumps, wavelets

JEL classi�cation: C22,C51,C58,G17

1 Introduction

High frequency data becoming increasingly available for wide range of securities allowed the shift from
parametric conditional covariance estimation based on daily data towards the model-free measurement
of so-called \realized quantities" on intraday data. Using a seminal result in semimartingale process
theory, [4] shows that realized variance becomes a consistent estimator of the integrated volatility with
increasing sampling frequency under the assumption of zero microstructure noise. [10] generalize the idea
to multivariate setting of so-called \realized covariation" and provide asymptotic distribution theory for
covariance (and correlation) analysis - again with the assumption of zero microstructure noise.

Although the theory is very appealing and intuitive, it assumes that observed high-frequency data are
true underlying process. But the real-world data are contamined with microstructure noise and jumps,
which makes statistical inference di�cult. Realized measures su�er from the large bias and inconsistency
with the presence of the noise and jumps in the observed data. The �rst approach to deal with noise
actually throws away large amount of data. While it may not seem to be a logical step, the reason can
be found quickly when looking at the data at various sampling frequencies. The higher the frequency of
the data we use (i.e. 1 second, 1 tick), the more microstructure noise they contain and the more biased
the estimator is. Thus lot of researchers use lower frequencies (i.e. 5 minutes), which results in throwing
away the very large amount of the data directly. This is not an appropriate solution a statistician should
use. In the recent literature, number of ways have been proposed to restore the consistency through
subsampling, i.e. [17], [16], [9]. While inference under the noise and jumps in realized variation theory is
widely studied in recent contributions, its generalization to covariation theory only emerges in literature.
Together with important contributions by [16] and [9], [13] and [1] deal with an microstructure noise
and non-synchronous trading and propose a consistent and e�cient estimator of realized covariance, [5]
proposes a forecasting model for realized correlations. This research is becoming very active and stands
at the frontier of current research in �nancial econometrics.

In this paper, we contribute to current literature and provide generalization to our wavelet-based
realized variation theory [11]. Due to the very limited space of these proceedings, we provide a limited
notion of the proposed estimators (complete theory including mathematical proofs of the theory can be
found in [11]) in the �rst part, while second part illustrates how the estimators can be used to estimation
and decomposition of the dynamics of the stock market dependencies.

1 Institute of Information Theory and Automation, Academy of Sciences of the Czech Republic, Institute of Economic
Studies, Charles University, Prague, e-mail: barunik@utia.cas.cz

2 Institute of Information Theory and Automation, Academy of Sciences of the Czech Republic, Institute of Economic
Studies, Charles University, Prague, e-mail: vachal@utia.cas.cz
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2 General multivariate framework

The pioneering contribution extending univariate framework for realized measures has been made by [10].
Authors bring uni�ed framework for modeling multivariate high frequency �nancial data using realized
covariation and they provide asymptotic distribution theory for standard methods such as regression,
correlation analysis, and covariance. Following [10], we introduce multivariate setting for the estimators.

Consider an m-dimensional logarithmic asset price process de�ned on a complete probability space
(
; F ; P). The return process evolving in continuous time over the [t� h; t] time interval, 0 � h �
t � T is r t;h = p t � p t �h , where p t = (p (1)t ; : : : ; p(m)t )0 denote m � 1 vector of log prices at time
t, and is used as notation for multivariate price process. We further consider the natural information
�ltration, an increasing family of � -�elds (F t )t2[0;T ] � F , which satis�es the usual conditions. Information
set F t contains the full history up to time t of the realized values of asset price and other relevant
state variables. A fundamental result of stochastic integration theory states that ssuch process can be
uniquely decomposed. For anym-dimensional, square-integrable, continuous sample path, logarithmic
price process (p t )t2[0;T ], with continuous sample path and a full rank of the associatedm � m quadratic
variation process, [r; r ]t , there exists a representation such that for all 0� t � T

r t;h =
Z t

t�h
� sds +

Z t

t�h
� sdWs; (1)

where � s is integrable, predictabe, and �nite-variation m � 1 vector, and � represents multivariate
stochastic volatility process with c�adl�ag elements and vector Wt is a m � 1 standard Brownian motion.
The l-th row of the matrix � t is (� (l;1)t ; � (l;2)t ; : : : ; � (l;m)t ). Then the spot (or instantaneous) covariance
is de�ned as � t = � t � 0

t , satisfying for all t < 1:
Rt

t �h � ( l;l )u du < 1; l = 1; : : : ; m , where � ( l;q ) t is the
(l; q) element of the � t process. The requirement thatm � m matrix [ r; r ]t is of full rank for all t implies
that no asset is redundant at any time1. The object of interest, quadratic covariation between l-th and
the q-th price processes over [t � h; t], for 0 � h � t � T can be expressed as

CV(l;q )t;h =
Z t

t�h
� (l;q )s ds =

Z t

t�h

mX

i=1

� (l )i;s � (q ) i;s ds: (2)

CV(l;q )t;h consistently estimates the integral of the conditional covariance of the increments of the local
martingale component ofr t;h over the assumed interval. In a special case ofr t;h being univariate (m = 1),
CV(l;q )t;h represents quadratic variation of pt;h .

2.1 Estimation of realized covariation measure

[4] suggest to estimate the quadratic covariation matrix analogously to realized volatility by taking the
outer-product of the observed high-frequency return over the period. The realized covariance over [t � h; t],
for 0 � h � t � T , is then de�ned by

dRC t;h =
nX

i=1

r t�h+ ( i
n )h r 0

t�h+ ( i
n )h ; (3)

wheren is number of observations in the [t � h; t]. [4] and [10] show that ex-post realized covariancedRC t;h
is an unbiased estimator ofex-ante expected covariation RCt;h . With increasing sampling frequency,
realized covariance is moreover consistent estimator of the covariation over any �xed time intervalh > 0,
as n ! 1.

3 Jumps and noise

Consistency of the realized covariance implies a simple alternative empirical return-volatility measure-
ment. But there are two issues which complicate the practical usage of the nice convergence results. As
realized covariance is consistent estimator with increasing sampling frequency,n ! 1, continuum of in-
stantaneous return observations must be used in order the realized volatility estimate will converge to the

1This condition is not redundant, see [4].
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realized covariance. In practice, we can observe only discrete prices, and thus an inevitable discretization
error is present. On the other hand, market microstructure e�ects such as price discreteness, bid-ask
spread and bid-ask bounce contaminate the return observations. Thus in practice, return process should
not be sampled too often, regardless the number of observations available, to avoid the large bias from
market microstructure. Literature has extensively studied the noise-to-signal ratio, constructed optimal
sampling schemes, which ranges from 5 to 30 minutes, for instance. The main literature is nicely surveyed
by [14, 7, 15, 2]. Recent notable contributions to this literature include [17, 6, 8].

Another issue bringing bias to the estimates of variance-covariance matrix is presence of jumps in
the data. In the literature, jump di�usion model is assumed to extend the presented theory. An
example of general bivariate jump-di�usion process we will use in this work isdp(q) t = � (q )t dt +
� (q )t dW(q )t + � (q )t dz(q) t ; q = f1; 2g, where z is a constant-intensity Poisson process with the magni-
tude of jump controlled by � t � N ( ��; � 2

� ), W1;t is a standard Brownian motion, and for all t 2 [0; T],
dW(2)t = � t dW(1)t +

p
1 � q2

t dW(3)t , whereW(3)t is an independent standard Brownian motion, and� is a
stochastic process with c�adl�ag paths. Finally, z(1)t and z(2)t are possibly correlated pure jump processes.
Quadratic covariation of this process over the [t� h; t] time interval, 0 � h � t � T , is then

CV(1;2)t;h =
Z t

t�h
�� (1)s � (2)s ds

| {z }
IC t;h

+
X

t�h�s�t

J(1)s J(2)s

| {z }
Jump Covariation

; (4)

where J(q) t = � (q )t dz(q) t and is non-zero only if we have co-jumps. Thus quadratic covariation will
compose of theIntegrated Covariance and covariance of common jumps.

4 Wavelet-based covariation theory

Due to the very limited space of the proceedings, we introduce the main results of the wavelet-based
covariation theory extending our results from the univariate part and the results of [12], who �rst bring
the wavelet-based realized volatility estimator to the literature. In our work, we generalize the results
of [12] in several ways. Instead of using Discrete Wavelet Transform we use Maximum Overlap Discrete
Wavelet Transform (MODWT), which is more e�cient estimator and it is not restricted to the sample
size limited by the power of two. We also use the Daubechies family of wavelets instead of the Haar
type in our work. Our biggest contribution is in providing complete theoretical framework for estimation
of multivariate wavelet realized covariation, as it can not be found in current literature. The theory
improves e�ciency of the estimated covariances. We build on the results and de�ne also new measures
of correlation and realized beta based on our wavelet-based estimators. We use wavelets to decompose
the realized covariance to obtain information about behavior (energy contribution) at every scale and
thus gain deeper knowledge about dependence between the two examined processes. The realized wavelet
covariance (using MODWT) is a scale by scale decomposition of the realized covariance de�ned by the
Equation 6.

De�nition 1. Wavelet-based realized covariance estimator
The realized wavelet covariation of l-th and q-th asset return from the m-dimensional vector r t;h over
[t � h; t], for 0 � h � t � T can be de�ned as

dRC
(W RC )
(l;q )t;h =

J s +1X

j =1

nX

k=1

fW(l )j;t�h+ k
n h

fW(q) j;t�h+ k
n h (5)

wheren is number of intraday observations over [t � h; t] and Js is number of scales considered,fW(q) j;t�h+ k
n h

are MODWT coe�cients on j = 1; :::; J s + 1 scales, whereJs � log2 n.

In [11] we show that the estimator is unbiased and consistent estimator of the realized covariance.
Having de�ned the basic tool for our analysis, wavelet-based realized covariation estimator which is able
to consistently estimate the integrated covariation, we generalize the jump detection test presented in
univariate setting to the multivariate setting in the following section.
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5 Disentangling jumps from co-jumps

[12] �rst proposed the usage of wavelets in estimating jumps in high-frequency data. We generalize
this concept to multivariate framework. We detect all jumps in m assets separately using wavelet de-
composition, and then we estimate co-jumps. Let us de�ne the procedure. LetfW(q )1;k be a 1st level
wavelet coe�cients of ( y(q) t )t 2[0;T ]. Then for q = 1; : : : ; m assets, we estimate jumps asj fW(q )1;k j >
medianfj fW (q )1;k j;k =1 ;::::;ng

0:6745
p

2 logn, where �̂ (q )l = fk g is estimated jump location with size of �y(q ) �̂ l+ � �y(q ) �̂ l� ,
the averages over [^� (q) l ; �̂ (q )l + � n ] and [�̂ (q )l ; �̂ (q )l � � n ] respectively, with � n > 0 being a small neighbor-
hood of estimated jump location ^� (q) l � � n . The jump variation of q-th asset is then estimated by sum
of squares of its all estimated jump sizes: \MW JC (q) =

P N t
l =1 (�y(q ) �̂ l+ � �y(q ) �̂ l� )2. Following the theory

in [12], we can say that \MW JC ( j ) will be consistent estimator of jumps for all q assets in thep t . This
result is shown in [11]. Once we have estimated all independent jumps in the studiedp t vector, we can
propose an analysis of co-jumping in the series. The idea is to compare all the jump locations, and those
which will be same across allq = 1; : : : ; m assets in some small neighborhood will be co-jumps. Let ^� (q )l
be estimated jump locations of (y(q )t )t 2[0;T ] for all q = 1; : : : ; m . Then co-jump location �̂ �

l = fk g can be
estimated as: ^� (q )l � � n < �̂ �

l < �̂ (q )l + � n ; for all q = 1; : : : ; m: Co-jumps are important particularly in
the portfolio theory. For the well diversi�ed large portfolio in the sense of the Arbitrage Pricing Theory,
idiosyncratic jumps are diversi�ed away, but common jumps, or co-jumps remain the problem. Thus in
the following subsection, we illustrate our technique on the portfolio multivariate extension.

6 Wavelet-based realized covariance estimator robust to jumps and noise

After the basic introduction of the wavelet-based estimation of realized covariances, we propose an esti-
mator of covariance which is robust to noise and also is able to deal with jumps in the data. Moreover,
we will be able to decompose the integrated covariance intoJs components using our estimator.

De�nition 2. Jump wavelet TSCV (J-WTSCV) estimator

Let dRC
(estimator;J )
( l;q ) t;h denote an estimator of realized covariance betweenl-th and q-th asset return on

the jump-adjusted observed data,y t;h
(J ) = y t;h � \MWJC. Jump-adjusted wavelet two scale realized

covariance estimator is de�ned as:

dRC
(J �W T SCV )
(l;q )t;h = cN

�
dRC

(W RC;J )
( l;q ) t;h �

�nG

nS
dRC

(S;J )
( l;q ) t;h

�
; (6)

where dRC
(W RC;J )
(l;q )t;h = 1

G
P G

g=1
P J s +1

j =1
P n

k=1
fW(l )j;t�h+ k

n h
fW(q) j;t�h+ k

n h obtained from wavelet coe�cient

estimates using MODWT on the grid of size �n = n=G on the jump-adjusted observed data,y (J )
t;h =

y t;h � \MWJC and cN is a constant that can be tuned for small sample performance.

In [11] we show that the estimator 6 is unbiased and consistent estimator of the realized covariance.
Thus it converges in probability to the true integrated covariance of thep t;h which is of primary interest
in this analysis. Thus we have de�ned a new wavelet-based covariation theory which is able to estimate
realized covariation consistently in the presence of noise and jumps. In the next section, we utilize this
theory to propose estimator of covariance and realized beta which are important for the practitioners in
the �nance.

6.1 Wavelet-based realized correlation

A simple transformation of the realized covariation matrix which is an important tool for practitioners,
is correlation measure. Basic results are introduced by [3], while [10] provides also asymptotic theory
for the estimators. using pour estimators, we can simply extend these results and propose wavelet-based

realized correlation as ^� (JW R )
( l;q ) t;h =

dRC
(J �W T SCV )
(l;q )t;hq

dRV
(J �W T SRV )
(l)t;h

dRV
(J �W T SRV )
(q )t;h

, where dRC
(J �W T SCV )
(l;q )t;h is de�ned by Eq. 6

and estimates covariation betweenl-th and q-th series, dRV
(J �W T SRV )
(l )t;h and dRV

(J �W T SRV )
(q )t;h is special case

of Eq. 6 and estimates variation of l-th and q-th series respectively. To obtain the contribution of every
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Figure 1: Correlations with 95% CI. W RCorr in the �rst row and using RC in second row.

particular level j to the overall correlation, we have to weight the wavelet correlations at each level with
their energy contribution.

7 Dynamics of realized correlations

In this chapter, we utilize our theoretical results on the real-world data. J-WTSCV proved to be the
most e�cient estimator of integrated covariance and correlation, thus we expect it to improve also un-
derstanding of the true relationship between assets. In addition, we also utilize the power of wavelets to
decompose the realized measures to several investment horizons.

Foreign exchange future contracts are traded on the Chicago Mercantile Exchange (CME) on a 24-
hour clock basis. We will estimate the realized covariance of British pond (BP), Swiss Franc (CHF) and
Euro futures (EUR), while we will focus on the pairs: BP-CHF futures pair, BP-EUR pair and CHF-EUR
pair. After estimating the covariance, we will study also correlations between the currencies. All contracts
are quoted in the unit value of the foreign currency in US dollars, which makes them comparable. The
cleaned data are available from Tick Data, Inc. It is important to understand the trading system before
we begin the study. In August 2003, CME started to o�er Globex trading platform, which brought large
increase in the liquidity of currency futures. For the �rst time ever in, a single month trading volume
on the electronic trading platform exceeded 1 million contracts every day. Beginning Monday, December
18, 2006, CME Globex(R) electronic platform starts o�ering trading within 23 hours a day. Weekly
trading cycle begins on Sunday, 5:00pm and ends on Friday at 4:00pm, while every day the trading is
interrupted for one hour from 4:00pm until 5:00pm. These changes in the trading system had crucial
impact on the trading activity. For this reason, we restrict ourselves to use the sample period extending
from January 5, 2007 through November 17, 2010 containing the most recent �nancial crisis. The futures
contracts we use are automatically rolled over to provide continuous price records, thus we do not have
to deal with di�erent maturities. The tick-by-tick transactions are recorded in Chicago Time referred
to as Central Standard Time (CST), therefore in a given day, trading activity starts at 5:00pm CST at
Asia and continues in Europe followed by North America and �nally closing at 4:00pm in Australia. We
rede�ne the day in accordance with the electronic trading system. Moreover, Saturdays and Sundays, US
federal holidays, December 24 to December 26, and December 31 to January are eliminated because of
the very small activity which would bias the estimates. Finally, we are left with 944 days in the sample.

7.1 Dynamics of decomposed dependencies

Figure 1 brings comparison of the correlations dynamics computed using two estimators: simple realized
correlation and our jump-adjusted wavelet correlation (�̂ (JW R )

(l;q )t;h ) estimator. It is noticeable that our WR-
Corr estimator provides estimate with lower variance (basically due to jumps), and con�dence intervals.
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Precisely, BP - CHF futures pair, BP - EUR futures pair and CHF - EUR futures pair has average esti-
mated WRCorr correlation with 95% con�dence interval in parentheses 0.506 (�0.069), 0.629 (�0.053)
and 0.769 (�0.051) respectively. Average correlation for the same pairs estimated using standard RC
method is 0.47 (�0.1), 0.602 (�0.086) and 0.738 (�0.062) respectively. Even though the correlations
changes signi�cantly over time, average correlation estimated using our method is approximately 0.03
larger than using simple RC. This result is economically signi�cant and can have direct impact on portfolio
diversi�cation. Moreover, our method provides much narrower con�dence intervals for the estimates.

8 Conclusion

It this short conference proceedings paper we present our wavelet-based realized covariance estimators
and apply them to estimation of correlation dynamics on the stock markets. Main �nding is that our
estimator provides more precise correlation estimate as it is robust to noise and jumps in the data.
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Multi-criteria models with trend evaluation in
decision making support

Ag�ata Bodn�arov�a 1, Martin Gavalec 2, Karel Mls3

Abstract. Decision making support by multi-criteria models with evaluation
of trends is considered. Multi-criteria models are designed to satisfy the ex-
pectations of customers, and data based on customer preferences are used for
modi�cation of the parameters in the multi-criteria model. Various segments
of customers are found and observed by cluster analysis. Prevailing trends in
customers’ behavior are re
ected in trends for individual clusters, which en-
ables predicting the future customers’ preferences in individual segments. The
recently developed method of cognitive hierarchy process (CHP) is applied to
�nd the optimal o�er of goods with respect to the customer needs and expec-
tations.
Keywords: decision making, multi-criteria models, trend evaluation
AMS classi�cation: 08A72, 90B35, 90C47

1 Introduction

Computer support of managers’ decision making, typically on operational level, is broadly studied and
there are many real applications as well. In this paper, the role of clustering of data sets and the fuzzy
trend identi�cation and its contribution to better prediction of awaiting data in the decision process is
presented. The main tool used by the method is the evaluation of fuzzy cognitive maps described in
[5]. The basic idea of the CHP method is similar to the well-known analytical hierarchy process (AHP)
method, invented by T. L. Saaty [18], but CHP uses individual evaluations for sets of criteria in every
alternative.

2 Multi-criteria models

The method of cognitive hierarchy process and trend evaluation is applied in this paper to optimizing a
general business portfolio. The model describes a standard decisional situation, in which the manager
is preparing the new commercial o�er for the coming period. We assume that in the previous period,
the CHP method was used to help customers to �nd their most suitable destination according to their
individual preferences. The records of the decisional process accumulated from all customers during the
history, contain useful information which can be used by the managers for optimizing the next version of
the o�er.

The goals of the decision-making process in this situation are:
� to optimize the future pro�t under incomplete information
� to improve the business portfolio
� to �t o�ers to individual customers’ preferences
� to address expected future customers’ demands

The managers consider the characteristic properties of available alternatives involved in the company’s
portfolio. Data related to any particular o�er are given and their position in the decisional model can be
taken as constant. Based on the records of customers’ responses from the previous period, the alternatives

1University of Hradec Kr�alov�e, Faculty of Informatics and Management, Rokitansk�eho 62, 50003 Hradec Kr�alov�e, Czech
Republic, e-mail: agata.bodnarova@uhk.cz

2University of Hradec Kr�alov�e, Faculty of Informatics and Management, Rokitansk�eho 62, 50003 Hradec Kr�alov�e, Czech
Republic, e-mail: martin.gavalec@uhk.cz

3University of Hradec Kr�alov�e, Faculty of Informatics and Management, Rokitansk�eho 62, 50003 Hradec Kr�alov�e, Czech
Republic, e-mail: karel.mls@uhk.cz
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are evaluated. Then the worst ones will be left out, and new alternatives with the characteristic properties
of the most successful ones will be added to the portfolio.

In the above approach, the information about the preferences of di�erent types of customers is sup-
pressed. Hence, some minor segments of customers might be neglected and possibly lost. To avoid this
situation, the evaluation and optimization of the portfolio should also consider the preferences of signi�-
cant groups of customers. The relevant groups of customers are identi�ed from the available records by
the methods of cluster analysis.

3 Fuzzy Cognitive Maps

Cognitive map (CM) as a modeling tool was introduced by Axelrod [1] as a system composed of the set
of concepts and the set of causal relationships. Each particular concept in
uences other related concepts
via causal relationships in positive or negative sense, and there are no interactions between independent
concepts. A cognitive map can be represented by a directed graph, where concepts of the CM correspond
to nodes of the graph and causal relationships correspond to arcs oriented from the cause concepts to
the e�ect concepts. Causality strength is expressed by signs + and� as positive or negative dependence
between concepts.

The notion of a fuzzy cognitive maps (FCM) was proposed by Kosko [10], [11] and later enriched by
several authors [9], [14], [17]. Involving fuzzy logic helps to solve problems with respect to human-like
way of thinking. FCM works on the principle that the causal relationships and concepts are accompanied
by a number within the real unit interval h0;1i. By this evaluation, �ne di�erences in causal relationships
can be expressed and partial activation of concepts can be used, in contrast to the binary activation in
CM.

In this paper, a fuzzy cognitive map is formally de�ned as an ordered pairM = ( C; A), where C is a
�nite set of cardinality jC j = n whose elements are calledconcepts, andA is a matrix of type n � n with
values in the real interval h0;1i (alternatively, in h�1; 1i). The entries of matrix A are interpreted as the
levels of causal relations between pairs of concepts inC. Further, we shall consider an evaluation vector
of the fuzzy cognitive mapM , which is de�ned as a mappinge : C ! h0; 1i and its values are interpreted
as activation levels of concepts inC. Decision support, and model behavior prediction as well, represent
the most often cited domains of FCMs utilization, see [2], [8], [13], [16], [19].

4 Cognitive hierarchy process

A standard approach in decision making is based on dividing the decision problem into smaller parts
(alternatives, criteria, goals). Evaluations of the importance degree of various objectives and preferences
for alternative solutions are then used to �nd the �nal decision. The well-known analytical hierarchy
process (AHP) methodology uses a relative normalization approach, in which the total sum of the weights
of all subcriteria for a given parent criterion is equal to 1, see [3], [7].

Fuzzy cognitive maps as supporting tool for decision making process were considered in [4]. The
cognitive hierarchy process (CHP), described in [5], merges AHP and evaluation of complex systems of
objectives described by fuzzy cognitive maps. In contrast to the AHP method, which works with �xed
evaluation of relative weights of di�erent alternatives (cases), CHP uses a speci�c system of weights for
every individual alternative.

CHP works with a system of individual FCM’s uni�ed by a common template. We say that a fuzzy
cognitive map M � = ( C � ; A � ) is a template for a system

M =
�
M s; s 2 I

�

of individual FCM’s M s = ( Cs; As), if Cs = C � and As � A � holds true for every individual s 2 I .

For the purpose of CHP, a tree structure of the templateM � = ( C � ; A � ) is assumed.C � denotes the
set of template nodes,A � is the set of weighted template edges (zero-weighted edges are not considered)
and M � is a root-tree with the root c0 2 C � . Any node c 2 C � , c 6=c0 has the unique predecessor denoted
by p(c), and for any nodec 2 C � , S(c) denotes the set of all successors ofc.
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For every fuzzy cognitive map M s 2 M , an individual evaluation mapping es : C ! h0; 1i is de�ned
recursively, according to the tree structure of template M � . The detailed formulas are given below in
Section 5.

5 Mathematical model

The CHP method can by applied in various conditions. In this section we describe a mathematical model
for the situation, when the deciding manager has at disposal a set of data on customer preferences, and
the data should be processed and considered in designing the optimal business portfolio of alternatives.

The customer preferences to available alternatives consist of several criteria, which need not be inde-
pendent. The criteria are considered as cognitive concepts, and for description of their mutual interde-
pendence the optimization model uses cognitive maps related to a �xed templateM � = ( C � ; A � ).

An example of the structure of a template cognitive map of dimensionn = 16 is shown in Figure 1.
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Figure 1: Structure of a template cognitive map

We assume thatM � possesses a tree structure with the rootc0 2 C � . Moreover, we assume that the
nodes are ordered in a sequence (c0; c1; : : : ; cn�1 ), in which the predecessorp(c) of every nodec 2 C �

occurs before the nodec itself. Hence, the �rst node in the sequence must be the root nodec0, which is
the only one with no predecessor. Any nodec 2 C � with S(c) = ;, i.e. any node without successors, is
called a leaf in the tree M � . The set of all leaves is denoted byL.

The current portfolio contains r alternatives D = fD 1; D2; : : : ; D r g and the characteristic properties
of each alternative D 2 D are given as fuzzy valuesh(D; c) for all leaves c 2 L. The value h(D; c)
describes the degree of correspondence of the particular alternativeD to the leaf conceptc.

The data from the previous activity period describe the priorities of s customersB = fB 1; B2; : : : ; Bsg.
The priorities of any particular customer B 2 B are fuzzy valuesq(B; c) for all non-root nodes c 6=c0.
Every such value is interpreted as the degree of relative importance of the conceptc, in relation to its
parent concept p(c), from the subjective point of view of the customerB .

Di�erent segments of customers can be found by methods of fuzzy cluster analysis (FCA) according
to the customers’ preferences. We get a set oft customer groups (clusters)G = fG 1; : : : ; Gt g. To each
cluster G 2 G, there are assigned its own priorities �q(G; c) and a membership function � G : B ! h 0;1i
expressing the degree of membership for each particular customerB 2 B in the cluster G.

In the evaluation procedure, a systemM =
�
M B ; B 2 B

�
of individual fuzzy cognitive maps M B =

(CB ; AB ) related to the template systemM � is de�ned by putting CB = C � and by putting AB (p(c); c) =
q(B; c) � A � (p(c); c) for every c 2 C � .

For each customerB 2 B and for each alternative D 2 D , the evaluation mapping e = eBD : C � !
h0;1i is de�ned by a backward recursion, from leaves to the root node:
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Figure 2: Evolution of population center in 3D projection of 16D space

if c 2 L is a leaf in the template tree M � , i.e. if S(c) = ;, then we put

e(c) = h(D; c) (1)

for every non-leaf node we haveS(c) 6=; and we put

e(c) =
1

jS(c)j

X

k2S (c)

p
e(k) � AB (p(c); c) (2)

For every concept c 2 C, the value e(c) = eBD (c) means the evaluation of the conceptc by the
customerB in relation to the alternative D . The evaluation values of the leaf conceptsc 2 L are given by
the customer, according to formula (1), as well as his subjective prioritiesAB (p(c); c) for the predecessors
of non-leaf conceptsc =2 L. In the example in Figure 1, the non-leaf concepts arec0; c1; c2; c3 and c12.
For these concepts, the valuese(c) = eBD (c) are computed by formula (2).

The root-value of the above evaluation function eBD , computed from the subjective priorities of the
customer B , can be interpreted as the aggregated assessmenteB (D ) = eBD (c0) for every alternative D .
In the case when the customerB has to decide, he/she chooses the one of the alternatives with the highest
assessmenteB (D ). In formula (2), a simple aggregation function combining arithmetical and geometrical
means is used. However, more sophisticated aggregation functions, e.g. those using weights of individual
variables, are also possible.

The manager, willing to optimize the portfolio of alternatives, uses the set of assessments in a more
complex way. One possible approach would be assigning weights to every alternative according to the
ordering of assessments from every individual customer. The total weighted sum of assessments from all
customers, in notation e(D), then shows the aggregated global evaluation of any alternativeD .

In deciding how many of the old alternatives should be deleted and which of the new available
alternatives should be included into the portfolio for the next season, the aggregated customers priorities
e(D) are then used. The newly considered alternatives are added to the set of all previous ones, and the
common ordering of the old destinations and new ones gives the answer to the problem.

Di�erent segments of customers are addressed when the evaluation and the assessment of the alterna-
tives is computed separately for di�erent clusters G 2 G. The assessments according to cluster priorities
�q(G; c) are used in combination with the weighted mean of individual assessments by customers, weighted
by the membership function � G . The cluster analysis is also useful in investigation of trends as it is shown
in the next section.
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Figure 3: Evolution of multiple cluster centers in 3D projection of 16D space

6 Trend evaluation

The evaluation procedure described above will be more e�cient, if time dependence of the available data
is considered. The preferences and priorities of customers are changing in time and the observable trends
in the evaluation of alternatives can be involved into the decision process. By dividing the data into
several time intervals, we get a time series of optimal alternatives according to customers preferences. By
standard method of processing the time series we get a (linear or non-linear) estimation of the trend in
series of optimal alternatives. The trend (or fuzzy trend) can be further used for prediction of the future
optimal alternative [15]. The e�ciency of the trend prediction depends on the size of the computed value
in comparison with the stochastic component of the available data.

With su�cient amount of data, extended in a reasonable time period, the trends can be computed not
only for the group of all customers, but also for di�erent segments of the population. This combination
of trend calculation and the cluster analysis turns out to be considerably more e�cient.

Two �gures demonstrate the advantage of using the cluster analysis on the given data set before
computing the trends. The semi-random data were computed in a simulation model, with 10 time
steps. In Figure 2, the successive position of the center of the population are connected by lines, so
that the stochastic character of the changes without observable trend is clearly visible. (For simplicity,
3D projections with respect to chosen three axis, of the complete 16-dimensional data set, are shown in
�gures 2 and 3).

The fuzzy cluster analysis revealed �ve groups of customers with typical preferences for each group.
The FCA method produced also membership values for all individual customers, in each of the clusters.
The membership functions were used in computing the evaluation of alternatives by customer clusters.
Figure 3 shows the evolution of �ve cluster centers found in the same data set during �rst 6 steps. Here the
present trends of individual clusters can be immediately seen. In similar situation, using the individual
trends to predict the future preferences of customers in each cluster, gives signi�cant improvement of the
optimal results.

7 Conclusions

A new model using the CHP method with trends and cluster analysis was suggested. Known customer
priorities are involved into the managerial decision model for optimizing the portfolio of alternatives.
While the global view, inferred from the former ratings of customers, helps to identify optimal alternatives,
there are di�erences in priorities representing the opinion of particular groups of customers. This analysis
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is combined with trend evaluation which makes prediction of the future customers preferences possible,
with stronger impact to the future customers.
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Third-degree stochastic dominance and DEA
e�ciency { relations and numerical comparison

Martin Branda 1

Abstract. We propose e�ciency tests which are related to the third-degree
stochastic dominance (TSD). The tests are based on necessary conditions for
TSD and on related mean-risk models. We test pairwise e�ciency as well as
portfolio e�ciency with respect to full diversi�cation of available assets.

We apply the proposed tests to 25 world �nancial indexes and we select the
e�cient ones. The test data set is divided into the periods { before �nancial
crises and during it, and it is also considered at once.
Keywords: third-degree stochastic dominance, stochastic dominance e�-
ciency, mean-risk e�ciency, DEA e�ciency.

JEL classi�cation: C44
AMS classi�cation: 90C15

1 Introduction

Dealing with uncertainty on �nancial markets is very di�cult task. The investor’s decision is highly
dependent on the selected criteria which should help him to select the best among available investment
opportunities. Harry Markowitz, [12], introduced his mean-risk model more than 50 years ago where
variance was used as the risk measure. Many other risk measures has been proposed since then. The
axiomatic de�nition of coherent risk measures is accepted by theorists as well as by practitioners, cf. [1].
The purpose of the mean-risk models is to maximize the mean return and to minimize the risk at the
same time under given constraints on portfolio composition leading to biobjective optimization problem.

Another possible method how to �nd the best investment opportunity is to use an utility function,
cf. [13]. To compare two possible outcomes, it is necessary to choose a particular nondecreasing function
which corresponds to the investor’s aversion to risk and serves as the utility function, and then to �nd
an investment opportunity with the highest expected utility.

Stochastic dominance, introduced by [6, 7], is very closely related to the utility functions. It is de�ned
over a whole set of utility functions with desired properties and compares the portfolios with respect to
the whole class. Note that the stochastically dominating random variables are also optimal with respect
to particular classes of risk measures, cf. [5, 14]. Note that mean-variance e�ciency does not imply
stochastic dominance e�ciency, see [10]. Third-degree stochastic dominance (TSD) was introduced in [16]
as a natural extension of stochastic dominances of lower orders. It is suitable for investors with decreasing
absolute risk aversion. Recently, qualitative stability of an investment model with TSD constraint was
investigated in [2].

Data Envelopment Analysis (DEA) was introduced by [4] as a tool of selection e�cient units among
units with the same structure of inputs and outputs. We will formulate models which help us to select
e�cient investment opportunities where historical rates of return are used as the inputs and the mean
and risk as the outputs. By an appropriate choice of the risk measure we can obtain an e�ciency test
which is consistent with TSD. E�ciency tests for dominances of lower orders were proposed in [8, 9].

The paper is organized as follows. In Section 2, the third-degree stochastic dominance is de�ned and
the basic properties are summarized. We propose various e�ciency tests in Section 3. The tests are then
used to �nd e�cient world �nancial indeces in Section 4.

1 Institute of Information Theory and Automation, Academy of Sciences of the Czech Republic, Pod Vod�arenskou v�e�z��
4, 182 08 Prague 8, Czech Republic, e-mail: martin.branda@seznam.cz
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2 Third-degree stochastic dominance

Let X be a set of available investment opportunities with �nite second moments. We prefer higher values
to lower, i.e. we deal with pro�ts, rates of return etc. Possible choices of the set will be discussed in the
next section. We will propose two equivalent de�nitions of the third-degree stochastic dominance. The
�rst was given originally by [16].

De�nition 1. Let U3 be a class of real-valued di�erentiable functions with u0 > 0, u00� 0, and u000� 0.
The relation X � T SD Y is equivalent to the condition that Eu(X ) � Eu(Y ) holds for all utility functions
u 2 U3 for which both expectations are �nite, and the strict dominance, X � T SD Y , holds i� moreover
there exists u 2 U3 such that Eu(X ) > Eu(Y ).

Below we will give two arguments why to consider the third-degree stochastic dominance instead of
dominances of lower orders. The index of absolute risk aversion is usually de�ned asara(x) = � u 00(x)

u 0(x) . It
can be interpreted as the normalized relative change in marginal utility due to a change in wealth and it
relates to instantaneous aversion to risk. The utility functions for which ara0(x) < 0 are usually referred
as decreasing absolute risk aversion (DARA) utility functions. For example, with constant absolute risk
aversion, our risk-taking behavior is the same regardless of the size of the wealth. The necessary but not
su�cient condition for decreasing absolute risk aversion is that u000> 0, because it holds

ara0(x) =
�u 000(x)u 0(x) + (u 00(x)) 2

(u0(x)) 2 < 0;

The second heuristic motivation why to consider the condition on the third derivative of the utility
functions can be found in [10] and says: if we denotew the initial wealth and X 2 X a random variable
with �nite third moment EX 3, we can expand the utility function u(w + X ) into Taylor series at the
point w + EX , compute its expected value and we approximately obtain

E[u(w + X )] �= u(w + EX ) +
u00(w + EX )

2!
� 2

X +
u000(w + EX )

3!
� 3

X ;

where � 2
X is the variance of X and � 3

X its third central moment. If the other factors are held constant,
then the higher � 2

X , the lower the expected utility of an investor is, and the higher the skewness, the
higher the expected utility. Hence, under our assumptions onU3 the investor dislikes variance and likes
positive skewness. Fortunately, in practical applications of the third-degree stochastic dominance we do
not need the restrictive condition EX 3 < 1.

Now we propose an alternative de�nition which we will use in the next section. We consider the
cumulative distribution functions which are derived from the distribution function F (1)

X = FX of X 2 X :

F (k )
X (� ) =

Z �

�1
F (k �1)

X (� )d�; 8� 2 R; k = 2; 3;

De�nition 2. Let X; Y 2 X be two random variables on (
 ; F ; P ) with the distribution functions
FX ; FY . We say that X dominates Y in the sense of third-degree stochastic dominance, denoted by
X � 3 Y , if and only if the following two conditions hold:

F (3)
X (� ) � F (3)

Y (� ); 8� 2 R;
EX � EY:

We say that X strictly dominates Y in the sense of third-degree stochastic dominance, denoted by
X � 3 Y , if and only if X � 3 Y and Y � 3 X does not holds.

Note that the condition which compares the expectations is not necessary if the supports of the
compared random variables are unbounded, see [15].

3 E�ciency tests

In this section we propose several tests which should help us to identify e�cient investment opportunities.
Pairwise e�ciency as well as portfolio e�ciency allowing full diversi�cation across the assets are taken
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into consideration. Using pairwise comparisons, an asset is classi�ed as e�cient if there is no other
asset that strictly dominates the asset with respect to the criteria. These e�ciency may be more useful
for �nancial indeces. Since investors may combine the assets, tests for portfolio e�ciency allowing full
diversi�cation across the assets are of interest too.

We considern assets and denoteRi the rate of return of i -th asset. The following two choices of the
set of investment opportunities will be used:

1. X P = fR i ; i = 1; : : : ; n g, which corresponds to investment into one single asset, and enables us to
test pairwise e�ciency,

2. X F D = f
P n

i=1 Ri x i :
P n

i=1 x i = 1; x i � 0g, which enables diversi�cation of our portfolio across all
assets, hence we will use it to test e�ciency with respect to full diversi�cation.

Another choices of the set are also possible, e.g. allowing short sales, and will be aimed in future research.
We will show how the e�ciency tests can be constructed in general or based on discretely distributed
returns. Let r t

i , t = 1; : : : ; T , be the t-th realizations of the i -th asset return Ri . It can be computed as:
r t

i = P t
i

P t�1
i

� 1 whereP t
i ; P t �1

i is the price of the i -th asset at the end of the t-th, (t � 1)-st time period,
respectively.

3.1 Mean-risk e�ciency

Let R : X ! R denote a risk measure which is a function of available investment opportunities and which
quanti�es the corresponding risk as a real number.

De�nition 3. We say that X 2 X strictly dominates Y 2 X in the sense of mean-risk criterion, denoted
X � E;R Y , if EX � EY and R (X ) � R (Y ) with at least one strict inequality.

De�nition 4. We say that X 2 X is mean-risk e�cient if there exists no Y 2 X such that Y � E;R X .

By an appropriate choice of the risk measure we can get various e�ciency tests. Our tests are based
on Theorem 1 in [14], which states necessary conditions forX � F SD Y : EX � EY and EX � lsd(X ) �
EY � lsd(Y ), where lsd denotes the lower semideviation. ForX 2 X , it is de�ned as

lsd(X ) =
�

E[X � EX ]2�

� 1=2

;

where [�]2� = (min f0; �g)2. If we consider discretely distributed returns, we get for the i -th asset

lsd(R i ) =
�

1
T

TX

t=1

[r t
i � r i ]2�

� 1=2

;

where r i = 1
T

P T
t=1 r t

i .

If at least one of the following conditions holds with strict inequality, then Y � E;lsd X :

EY � EX; lsd(X ) � lsd(Y ): (1)

Using the following program for � 2 (0; 1] we can obtain portfolios which are mean-lsd e�cient and
consistent with TSD, cf. [14]:

max
nX

i=1

r i x i + �
1
T

TX

t =1

z2
t

nX

i=1

x i (r i � r t
t ) � zt ; (2)

nX

i=1

x i = 1;

x i ; zt � 0;

where zt are auxiliary decision variables which help us to model the positive parts.
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3.2 TSD e�ciency

De�nition 5. We say that X 2 X is e�cient with respect to TSD if there exists no Y 2 X such that
Y � T SD X .

To compare two random variables we will use the alternative expression of the integrated distribution
function, see [5, 14]:

F (3)
X (� ) =

1
2

Z �

�1
[� � � ]2+ dFX (� ):

where [�]2+ = (max f0; �g)2. We can test Y � k X by investigating if the following conditions hold with at
least one strict inequality in

F (3)
X (� ) � F (3)

Y (� ) � 0;8�;
EY � EX � 0: (3)

3.3 DEA e�ciency test

In this section, we will propose new DEA portfolio e�ciency test with respect to the third-degree stochas-
tic dominance. Any asset is compared with all portfolios which can be mixed from all considered assets,
i.e. full diversi�cation is enabled. The test for a benchmark b 2 f1; : : : ; n g can be formulated in general
as follows:

max � m + � r

nX

i=1

x i ERi = ERb + � m ;

lsd2
� nX

i=1

x i Ri

�
� lsd2(Rb) � � r ;

nX

i=1

x i = 1;

x i ; � m ; � r � 0;

where the mean and lower semideviation of the benchmark are compared with portfolio mean and risk.
If the optimal value is equal to 0, then the benchmark asset is said to be e�cient, otherwise it is not
e�cient. Similar three tests were proposed and compared in [11]. Note that the proposed test as well as
our test state only necessary condition for TSD-e�ciency.

For discretely distributed random returns, we obtain the following quadratic programming problem
which can be easily solved by standard solvers:

max � m + � r

nX

i=1

r i x i = r b + � m ;

nX

i=1

x i (r i � r t
t ) � zt ; (4)

1
T

TX

t=1

z2
t � lsd2

b � � r ;

nX

i=1

x i = 1;

x i ; zt ; � m ; � s � 0:
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4 Stock indices e�ciency { empirical study

We consider the following 25 world �nancial (stock) indices which are listed on Yahoo Finance:

� America (5): MERVAL BUENOS AIRES, IBOVESPA, S&P TSX Composite index, S&P 500
INDEX RTH, IPC,

� Asia/Paci�c (11): ALL ORDINARIES, SSE Composite Index, HANG SENG INDEX, BSE
SENSEX, Jakarta Composite Index, FTSE Bursa Malaysia KLCI, NIKKEI 225, NZX 50 INDEX
GROSS, STRAITS TIMES INDEX, KOSPI Composite Index, TSEC weighted index,

� Europe (8): ATX, CAC 4, DAX, AEX, SMSI, OMX Stockholm PI, SMI, FTSE 100,

� Middle East (1): TEL AVIV TA-100 IND.

In our analysis we describe each index by its weekly rates of returns. We divided the returns into
three datasets:

� before crises (B): September 11, 2006 - September 15, 2008

� during crises (D): September 16, 2008 - September 20, 2010

� whole period (W).

We choose September 16, 2008 to divide the data because all �nancial indices strongly fell down in week
starting with this day. The descriptive statistics of the returns can be found in [3], where the same
dataset was analyzed using di�erent techniques. It can be observed that almost all returns are negatively
skewed. Moreover, comparing the before crises data with during crises data we found that the during
crises returns usually have higher standard deviation and kurtosis.

Table 1 shows e�cient indeces according to the tests introduced in the previous section: pairwise tsd
(1), pairwise mean-lsd (2), full diversi�cation mean-lsd (3), and DEA (4). The pairwise comparison using
the integrated distribution functions F (3) was implemented in Matlab using optimization toolbox. The
quadratic programming tests were solved using the modelling system GAMS 23.0 and the solver Cplex
12.0.

The pairwise mean-lsd test selects most of e�cient indeces and all the indeces selected by another
tests are among them. The e�cient indeces selected by mean-lsd model and DEA test are the same. It
can be also seen that the returns observed during crises in
uence the tests based on the whole period
more than the returns obtained before crises.

P-TSD P-ML F-ML / DEA
B D W B D W B D W

IBOVESPA X X
S&PTSX Composite index X

S&P 500 INDEX,RTH X X
IPC X X

BSE SENSEX X X
Jakarta Composite Index X X X X

FTSE Bursa Malaysia KLCI X X X X
NZX 50 INDEX GROSS X X X

TSEC weighted index X

Table 1: E�cient indeces (B - before crises, D - during crises, W - whole period)
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where  Ai is the i-th alternative, i = 1, ..., m, 
Sj is the j-th state of nature, j = 1, ..., n, 
vij is the payoff of alternative Ai  and state of nature Sj combination, and 
pj is probability of state of nature Sj. 

The appropriated alternative is specified according to decision criterion as maximising output or minimising 
input, next we will suppose that the best alternative maximises the payoff value. Commonly used criterion is the 
Expected monetary value criterion (EMV), the alternative is selected if it has the maximal mean value of payoff 
(1) 

 

i
,...,mi

II

n

j=
ijji

EMVEMV:A

m...ivpEMV

1

1

max

,,1
 (1)   

Suppose now, that the key state of nature is state Sn. Analysis of the best alternative now has to be made ac-
cording to the change of probability pn. If this probability increases, probabilities of other states of nature have to 
decrease and vice versa. This relation has to be proportional, because in the other cases it would not be possible 

to make analysis for the all possible values of probability pn, which are from the interval 0,1 .  

For clearness we start with pn = 0 and the best alternative AI has to be choosing using formula (2), where the 
EMV is calculated from the first n-1 pay-offs. 
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If now the probability pn will be increasing, its value represents the expectation of realization of key state of 
nature Sn. The EMV in relation to the key state of nature EMVKSN will be calculated as follows (3) and again the 
best alternative AI  must maximize this value.  
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This formula for calculation of the expected monetary value is based on an anticipation of the non-realisation 
and the realisation of the key state of nature.  

Graphical representation of values of the EMVKSN in relation to the probability of the key state of nature 
serves for practical application, because it shows the switching of the best alternatives. In such graph the axe x 
contains probability of the key state of nature and the axe y describes the corresponding EMVKSN value. In such 
representation the best alternative is showed by the line above all other lines. The best alternative is changed in 
all breakdown points of the EMVKSN. 

2.1 Analysis of the best decision according to the key state of nature 

Example 1 

The simple example of decision making model is in the following Table 2 and Figure 1. Because the key 
state of nature K is really crisis situation (very worth pay-offs of both alternatives), with its higher probabilities 
the difference between the alternatives is shrinking and their results become very bad. The best alternative is A2 
for all values of probability of K. 

 
 S1 S2 S3 S4 K 

A1 5 15 -1 4 -10 

A2 4 8 3 10 -10 
      

Probabilities 0,1 0,15 0,45 0,3 0 

Table 2 Example 1 - Decision table  
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ods of distress, an increase in foreign exchange volatility may further amplify the variability of internationally 
allocated portfolios for investors whose consumption is denominated in a developed-country currency as shown 
in [3]. The associated rise in the cost of hedging foreign exchange risk then plays an important role in the in-
vestment decision-making process and is likely to have an equally important effect on asset market co-
movements.  

The paper is organized as follows. In the next section we describe our data in detail. In section 3 we intro-
duce the methodology employed. In se section 4 we present our results and briefly conclude. 

2 Data 
Our dataset consists of daily as well as intraday data available from Bloomberg for the stock markets in Buda-
pest (BUX), Prague (PX 50), Warsaw (WIG 20), Frankfurt (DAX 30), Paris (CAC 40) and London (UKX). 
Thus, in our analysis we consider three emerging EU markets (Hungary, the Czech Republic and Poland) and 
three developed EU markets (Germany, France and the United Kingdom). The sample begins on June 3, 2003 
and runs till December 31, 2010. The time difference between the markets is accounted for by using Central 
European Daylight Time (CEDT) for all indices, which eliminates the time difference between London and con-
tinental Europe. The index returns are computed as log first differences. 

In Figure 1 we present daily levels and returns of all six indices. Levels follow a similar pattern of the up-
ward trend that is replaced by a structural break due to the world financial and economic crises. Post-crisis be-
havior indicates that a revival is slow and does not exhibit a uniformly increasing pattern.  

 
Figure 1 Plots of daily levels (left) and daily returns (right) for the Central European equity indices (top three 
rows), and the Western European equity indices (bottom three rows). The sample runs from June 3, 2003 to 

December 31, 2010. 
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continuously monitored and more precisely measured as well as categorized [13]. New modelling and system 
design techniques are required for information technologies that can support the enterprise in achieving and 
sustaining the necessary flexibility [10]. Systems of linear discrete equations employed to support optimizing the 
output of the economic system require determining corresponding initial data which generate adequate bounded 
solutions [1]. A strict control of the procedures through each step is required in such a case [9]. 

2 General assumptions 
Let us introduce a sample logistic structure which requires the adequate control approach. The problem itself 
consists in determining the sequence of elements of the order vector which are to be realized subsequently. The 
proposed heuristic algorithms choose the required element on which certain operations are carried out. The state 
of orders decreases after each production decision which influences the state of the whole logistic system at each 
stage k, Kk ,...,1 . The given criteria are used on condition that each of them is associated by adequate bounds. 
Assuming that the results of calculations which are made for a chosen heuristic algorithm do not deliver 
a satisfactory solution, there arises a need to test other algorithms. 

 Let us introduce the vector of charges   where lw  - the lth charge material, Ll ,...,1  and the vector 

of orders  where nz  - the nth production order (given in units), Nn ,...,1 . 

 Now, we propose the assignment matrix of products to charges  where ln,  - the assignement of 

the nth product to the lth charge material, Nn ,...,1 , Ll ,...,1 . Elements of the assignment matrix take the 
following values: 

 
if the nth product is realized from the lth charge, 

otherwise. 

We also assume that used charge vector elements are immediately supplemented which means that we treat them 
as the constant source of charge material. However, for simplicity reasons, we assume that each nth product is 
made from the universal charge which enables realization of the given nth product from any lth charge material 
element, Ll ,...,1 . 

The logistic system presented hereby consists of I parallel manufacturing subsystems. Each ith subsystem, 
consists of J  production stands arranged in series, Ii ,...,1 . Realized products are passed subsequently 
through each stand in the ith subsystem. There are no buffer stores between stands. Each jth production stand 
located in the ith row of the logistic system carries out an operation on the nth product.  
It is assumed that each production stand placed in the jth column realizes the same operation with the use of the 
identical tool. Moreover, it is also assumed that NI . 

Let us introduce the vector of regeneration plants , Jj ,...,1 (the jth regeneration plant  regenerates 

tools which are used in each manufacturing stand placed in the jth column of the discussed logistic system)  

and at the same time           

The problem highlighted in the paper consists in maximizing the total production output by means of 
minimizing the regeneration time of tools as well as finding the optimal sequence of production decisions which 
are meant to send totally worn out tools to the jth regeneration plant - jr . The given tool can be regenerated only 

a defined number of times. If this number is exceeded, the tool is excluded from the production process and must 
be replaced by a new one. However, there are also tools which cannot be regenerated and must be replaced 
( 0 ). 

Let us introduce the structure matrix of the logistic system at the kth stage:  

, 

where:   
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The flow of the order elements in the logistic system is formed on the basis of the discussed assumptions is 
shown below: 

 

The life vector of the logistic system for a brand new set of tools is defined: , Jj ,...,1 , where jg  

is the number of the nth product units which can be realized in any production stand in the jth column before its 
tool is completely worn out and requires an immediate replacement with either a regenerated or new tool. 

We assume that every decision about production, replacement or regeneration is made at the stage 1 .  

Let  be the matrix of state of the logistic system for the nth product realization at the stage 

1  where 1
,)(  is the number of units of the nth product already realized in the stand in the ith row of the 

jth column with the use of the installed tool. 

Let  be the matrix of the flow capacity of the logistic system for the nth product realization at 

the stage 1  where 1
,)(  is the number of units of the nth product which still can be realized in the stand in 

the ith row of the jth column. If 01,
1

, then the nth order awaits for completing the regeneration process 

and installing a new tool to enter the production system. 

On the basis of the above assumptions we can determine the flow capacity of the production stand in the ith 

row of the jth column for the nth element of the order vector Z  at the stage 1 :  1
,

1
, )()(  

The manufacturing procedure consists in realizing orders in parallel production routes in sequence. It is 
assumed that manufacturing another order element in a route can begin when the previously realized one leaves 
the route. Its disadvantage consists in the need of waiting for completing the manufacturing process of a certain 
product in this route before resuming it again for the next one. This results in not using the available flow 
capacity of the whole production system. Moreover, during the production course tools must be replaced. The 
state of the system has to be recalculated when any decision is made in the system.    

Let us define the matrix of production times for the nth product, Nn ,...,1  in the production stand in the jth 

column . If the nth product is not realized in the production stand in the jth column, then 0, .  

If pr
jn

pr
jn 1,, , then the jth production stand becomes blocked while manufacturing the nth product.   

Let us define the vector of replacement times for the tools in the logistic system  where repl
j - the 

replacement time of the tool in the production stand in the jth column. 

Let us introduce the production rate vector . Its element nv  is the number of units of the nth product 

made in the time unit in any ith production line, Ii ,...,1 . 

In order to calculate the total manufacturing time of all elements from vector Z it is necessary to take into 
account the production time, the replacement time and, finally, the regeneration time. The order realization time 
can be optimized by either employing more production lines at the same time to realize the nth element or 
replacing tools only then, when they are fully worn or optimizing the regeneration process so that the tool after 
regeneration is available on demand. 

The total order realization time T is calculated beginning with the moment when any nth element enters the 
logistic system till the moment when the last element of the order vector leaves any stand in the Jth column.  
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4.3 The algorithm of the relative order 
This algorithm chooses the order element characterized by the biggest relative order coefficient 1  in the state 

1. To produce the element a, Na  the condition ,   
0

1
1

n

k
nk

n
z

z
 must 

be met. It is assumed that the orders are realized one after another that is to say each order element zn in the state 
1 is reduced partly. Such control is advantageous when some parts of the order are needed earlier.  

5 Sub-line heuristics  
In order to control the choice of the line we need to implement heuristics which determine the subsystem for 
producing the order on the basis of the flow capacity of the routes (subsystems) defined in the vector 

 where 1)( - the flow capacity of the ith subsystem. The algorithms of the maximal and 

minimal capacity of the subsystem are put forward. 

5.1 The algorithm of the maximal flow capacity of the sub-system 
This algorithm chooses the route characterized by the maximal flow capacity of the subsystem i.e. the maximal 

coefficient 1 . To choose the route b, Ib  the condition , 

11 )(  must be met. It is assumed that the nth order is manufactured in the minimal number of 

subsystems which may not lead to splitting the order.  

5.2 The algorithm of the minimal flow capacity of the sub-system 
This algorithm chooses the route characterized by the minimal flow capacity of the subsystem i.e. the maximal 

coefficient 1 . To choose the route b, Ib  the condition , 

11 )(  must be met. It is assumed that the nth order is manufactured in the bigger number of 

subsystems which may not lead to faster manufacturing the order.  

6 Regeneration procedures 
Let us introduce the matrix  which elements represent the number of allowable regeneration processes 

of the tool for the stand located in the  jth column. If  00 , , then tools from the stands in the jth 

column cannot be regenerated and must be replaced by a new one. If 0,  and at the same time the number 

of already carried out regeneration procedures has been exceeded, the tool cannot be regenerated anymore and 
must be replaced with a new one. We assume that the replaced tools are available at once. 

Each active regeneration plant jr  uses the FIFO procedure consisting in regenerating the worn out elements 

which are in the queue as the first ones. Then they are returned to the adequate production stand which has been 
the longest period of time in the standstill mode. Machines in the production stands use tools which either can be 
regenerated or must be replaced by a new one. Each tool subjected to regeneration is indexed. The matrix of 

allowable regeneration procedures is given in the vector  where , .  

If  0 , then tools from stands in the jth column cannot be regenerated and must be replaced.   

7 The production maximization criterion 
The production maximization criterion takes the form max

1 11
11  where k

nx  is the number of 

units of the nth element realized at the kth stage. This criterion requires the use of the tool replacement bound      

cy
I

i

J

j

repl
j

k
ji  where  c  - the maximal allowable tool replacement time, repl

j  - the replacement time of the 
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Changes in the behavior of economies in a DSGE model in the
course of time

Jan �Capek1

Abstract. The contribution uses a New Keynesian Dynamic Stochastic General
Equilibrium model as a tool for analysis of model behavior. The used macroeconomic
model is a Small Open Economy model derived from microeconomic foundations and
presumes four types of agents.

Aim of the contribution is to identify changes in behavior of modeled economies dur-
ing dramatic economic events and explain observed changes in the mechanics of the
model.

The method proceeds from Bayesian estimates of parameters and impulse response
functions. In order to analyze changes in parameter estimates and impulse response
functions in time, a number of estimation procedures are carried out. Each estimation
involves the same baseline model with the same prior setting and varies only in the
time-frame of the data set. Resulting changes in the estimates of parameters and dif-
ferent shapes of impulse response functions may point to changes in behavior of the
system caused only by using different data span. Such model results may be explained
in the context of changed behavior of economic agents.
Keywords: DSGE model, economic recession, change in model behavior, Bayesian
estimates, impulse response function

JEL classi�cation: C32, C52, E32, E43, E52, F41, F43
AMS classi�cation: 91B51, 91B64

This paper presents some results of a continuous research on changes in behavior of economies represented by
a DSGE model. Although some other time-frames may be also of interest, alotted space allows for single example
� an actual one being contemporary recession.

1 Model � Introduction

This section introduces New Keynesian (NK) Dynamic Stochastic General Equilibrium (DSGE) model that is used
for analysis in this paper. The model is derived from microeconomic behavior of particular economic agents. These
include domestic and foreign households, domestic and foreign producers, domestic importers and domestic and
foreign monetary authority.

The model is in small open economy (SOE) setting, so that it presumes two countries � small open economy
that is in�uenced by a big closed economy. The small open economy is home economy, big large economy is the
foreign economy.1

Most of the model assumptions are adopted from Lubik and Schorfheide [5]. Due to the lack of space, the
model is not derived in this paper � similar models with details of derivation can be found in textbook Gal·� [2].
The model used in this paper differs from frequently cited basic models like in Liu [4], Justiniano and Preston [3] or
already mentioned Gal·�’s textbook [2] by households’ utility function, incorporation of the world-wide technology
shock and related transformations of marginal utility of income.2

When applicable, variables withH subscript (e.g.X H;t ) denote goods produced and activities associated with
Home economy and variables withF subscript (e.g.X F;t ) denote goods produced and activities associated with

1Masaryk University, Faculty of Economics and Administration, Department of Economics, Lipov·a 41a, Brno, e-mail:
capek@econ.muni.cz

1Strictly speaking, since the big foreign economy is modeled structurally, uncovered interest parity makes it possible for leaks from small
economy to big economy. However, model results indicate that it does not occur.

2The difference mentioned last can be also found in Adolfson et al. [1, pp. 15�16].
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Foreign economy. The location of economic activities is denoted with a star superscript (e.g.X �
t ) for the foreign

economy and is left without extra notation for home economy.

2 Model � Log-linearized form

This section summarizes log-linearized model form; equations themselves are not written in full due to lack of
space.

Starting with households, the system contains equations for evolution of marginal utility of income, the law of
motion of habit stock, Euler equation, and the de�nition of in�ation from domestic and imported in�ation:

Behavior of producers yield the New-Keynesian Phillips Curve. Importers’ optimization is analogous to that
of producers and for the log-linearized system is utilized importers’ Phillips curve.

Incorporation of open economy setting contributes to the system with a number of equations, namely de�nition
of the depreciation rate of nominal exchange rate, differenced de�nition of terms of trade and combined de�nition
of real exchange rate and LOP gap. The model also includes some equilibria equations that must hold. These
include equation regarding international risk-sharing, uncovered interest parity (UIP) condition and log-linearized
market clearing equation.

Foreign economy is modeled structurally so that there exist foreign households and producers that also show
optimizing behavior. Optimizing behavior of foreign agents contribute to the log-linearized system with equations
analogous to domestic case.

The model is closed by specifying monetary policy. Towards this end, standard Taylor-type rule is used.
This formulation of monetary policy assumes that central banks respond to deviations of in�ation from steady
state, growth rate of output from steady state growth rate
 and possibly to deviations of nominal exchange rate
depreciation from steady state.

The model is supplemented with AR(1) processes describing evolution of government expenditures (acting as a
demand or market clearing shock)gt , country-speci�c technology shock to production function (acting as a supply
shock) and the evolution ofzt , which is growth rate of world-wide non-stationary technology shock.

3 Data

The data set used for estimation is depicted in Figure 1. There are four observed variables for domestic Czech
economy in the �rst row and three observed variables for foreign EuroArea12 economy in the second row. Fourth
panel is depreciation of nominal exchange rate � Czech Koruna.

Figure 1: Data set

The data are quarterly and time is denoted at the end of period so that e.g. 2001.25 is �rst quarter of 2001 and
2008 is fourth quarter of 2007.
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All variables are per cent, in�ations and output growths are annualized, interest rates are per annum and de-
preciation rate is not annualized. Dotted line denotes original data and solid line denotes trend that is deducted
prior to estimation. All variable except for interest rates use constant trend (mean) as a trend. Although this is
standard procedure, it is not appropriate for domestic and foreign interest rates since these series show noticeable
non-constant trends. Linear trend is suf�cient for foreign interest rate but domestic interest rates exhibits even
more curvature. After some experiments with polynomial trends and various �lters, Hodrick-Prescott �lter seems
to be the best option.3

4 Parameter estimates with different time-frames

Since the research question at hand addresses changes in economy’s behavior during recession, it is imperative
to estimate the model on different time frames, namely on a time frame without recession and on a time frame
that includes the recession.4 Then, it is possible to compare the estimates and draw results as to the nature of the
recession.

This intuitive idea of two model estimates and their comparison is clouded with two problems. One of the
problems is that two estimates is not enough, because the choice of time frames would necessarily be arbitrary and
moreover, the information acquired from comparison of just two results would be limited. Another problem, which
is illustrated by Figure 2 stems from the choice of �rst observation, which may affect the estimate of the parameter
to the extent that the choice of �rst observation may be far more important than the choice of the last observation.
In another words, the choice of few oldest data could be in the estimate more important than inclusion or exclusion
of crisis data.

Figure 2: Estimate of backward-looking parameter in domestic Taylor rule� R with different time-frames

These problems call for a more elaborate tool, which would minimize or eliminate the issues. In order to
investigate sensitivity of the estimate to (a) the choice of the last observation, (b) the choice of the �rst observation
and (c) the length of the time frame, a complex tool that addresses all of these variants is used.

3Sensitivity analysis of the determination of trends was conducted and model results does not change signi�cantly when different method
of detrending is used.

4Each time frame is de�ned by the choice of �rst observation and the last observation, the frequency always stays the same � all estimates
are on quarterly data.
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Due to lack of space, the methodology is not described in detail. On the other hand, the working of the
procedure is explained on an example, which follows.

To illustrate the merits of the methodology, the example is focused on rather less intuitive case, which was
very important for the remainder of the analyses in this paper. The chosen example is a case where the important
information is in the beginning of the data series.

Figure 2 contains estimates of backward-looking parameter in domestic Taylor rule� R and has the following
structure � upper panel plots estimates where last observation varies (�last obs�) and four different moving-window
estimates with three different lengths of time frame. The length of the time frame is in brackets (�25o�, �30o�,
�35o� and �40o�.). The horizontal axis is time at the end of period. The last values of estimates are for 2011, which
is the fourth quarter of 2010. The circle, plus, cross, square and triangle at time 2011 have the following meaning:
�last obs� estimate at 2011 is an estimate of the parameter on time frame from the beginning (which is 1998.5) to
the time denoted by the horizontal axis (2011). �moving (25o)� estimate uses 2011 as the last observation as well,
but it uses just 25 observations, the beginning of the time frame is in this case 2005. �moving (30o)� begins at time
2003.75, �moving (35o)� begins at 2002.5 and �moving (40o)� begins at 2001.25 � all of the estimate have the end
of the time frame at 2011.

The lower panel draws estimates with varying �rst observation (and �xed last observation) and again four
different lengths of moving-window estimates. The difference also lies in the horizontal axis which is now the
time at the beginning of the time frame. First value of estimates is for 1998.5, which is second quarter of 1998.
Following explanation of the meaning of the dot, plus, cross, square and triangle address values at 1998.5. The
��rst obs� estimate naturally starts at 1998.5 and ends with the latest observation, which is 2011. �moving (25o)�,
�moving (30o)�, �moving (35o)� and �moving (40o)� all start in 1998.5 and end in 2004.5, 2005.75, 2007, and
2008.25 respectively.

Now that it is clear what Figure 2 shows, this paragraph proceeds to interpretation of the contents of the Figure.
Upper panel displays a gradual rise in �last obs� estimate but moving-window estimates all jump up at some point
and end up in higher value of the parameter � �last obs� estimate ends at 2011 by value approximately 0.71 and
all moving-window estimates end up with parameter value 0.8. This result indicates, that there might be some
important information somewhere in the beginning of the time series. The lower panel con�rms the suspicion
because all the displayed estimates exhibit a rise of the parameter estimate by 0.1 in the �rst 4 observations.
It means that no matter the length of the time frame, the exclusion of observations from 1998.5 to 1999 lead
unambiguously to a rise in the point estimate of the parameter. In this context, the gradual rise in �last obs�
estimate is illusory. New added information in the �last obs� estimate just dilute the strong information in the �rst
three observations.

Similar situation as in the case of parameter� R occurred with some other parameters (namely Calvo parameters
� :

: ), which indicates, that data in time frame from 1998.5 to 1999 belong to different historic era, which was not
under investigation and the data in question were therefore discarded from the set for further analyses.

Further analyses are therefore focused on a truncated data set that should represent homogeneous structure.

5 Changes in parameter estimates during recession

After discarding of the data that represented different economic era, the remaining interval from �rst quarter of
1999 to the last quarter of 2010 was used for the analyses. Since there is an assumption of homogeneous structure
(supported by previous analysis), there is no need to carry out ��rst obs� and moving-window estimates. Figure 3
therefore depicts �last obs� estimates.

The two depicted parameter estimates show foreign central bank’s reaction to output growth �
2 (psi2star)

in the left panel and AR1 persistence parameter in the world-wide technology shock� Z (rhoZ) in the right panel.
The Figure also depicts two widths of con�dence bands. The wider con�dence band is 90% band and the narrower
band varies and is stated in the title of the panel in question. The width of the narrower con�dence band is chosen
so that such con�dence bands do not overlap for at least two different periods. This can be a measure of how much
the point estimate changes realtive to the amount of uncertainty associated with the estimate.

Left panel shows that the reaction of foreign central bank to output growth diminishes from fourth quarter of
2007 and stabilizes after �crisis quarter� 2009.25. This can be explained by looking at the data � foreign output
drops, but the interest rates start to go down not before fourth quarter of 2008 and then it drops in �rst quarter of
2009. This can be interpreted as central bank’s negligence towards output growth. However, this conclusion is not

97



Figure 3: Parameter estimates with different time-frames. Left panel: foreign central bank’s reaction to output
growth  �

2 , right panel: AR1 persistence parameter in the world-wide technology shock� Z , wide con�dence
bands = 90%

surprising considering the evolution of in�ation in �rst quarters of 2008 � the in�ation was quite high and in�ation
is primary objective of foreign central bank. It therefore had to disregard from output decline and focus on the
danger of in�ation.

The width of the narrower con�dence bands can also be interpreted in a way that 60% con�dence bands mean
that the con�dence bands do not overlap with signi�cance level 0.4. With this signi�cance level, it is possible to
say that the reaction of the central bank’s changed as a result of recession.

Another example is in the right panel of Figure 3 depicting the evolution of the persistence parameter in the
world-wide technology shock. The point estimate of the parameter jumped from pre-crisis value 0.2 to 0.6 in
�crisis quarter� 2009.25. The persistence of whatever hits both economies from outside is therefore much more
long-lasting. In the mechanics of the model, this increase was used to describe the economic crisis, which was
understood by the model workings as negative world-wide technology shock. As the crisis subsided over time, it
was not as deep as the model expected it to be and the persistence parameter went back down to 0.4.

The left panel therefore shows a case of changing preferences of one of the economic agents in the model and
the right panel shows an important part of model’s explaining current economic crisis.

6 Impulse response functions with different time-frames

Figure 4 displays impulse response functions as a result of an innovation with value -0.6 to the system. In this
particular case, the unitary innovation is put to an AR1 processzt describing evolution of growth rate of world-
wide technology shock. The value 0.6 was estimated as the standard deviation of the shock and negative value was
used to better mimic negative shock causing economic crisis.

Bottom-right axis in panels in Figure 4 is labeled �lag� and it is the lag of the impulse response function. Time
0 corresponds to the time of the innovation, time 1 is one period later and the lag goes up to 15. Each black line in
the �gure is an ordinary impulse response function that can be found in numerous scienti�c literature.

Bottom-left axis �time (end-of-period)� addresses different time frames on which the model was estimated.
First observation for the estimation was always �rst quarter of 1999. Last observation varies from �rst quarter of
2007 to fourth quarter of 2010 and bottom-left axis denotes the time of last observation. More concretely, impulse
response functions in the left-hand part of the �gure are responses calculated on time frame from 1999.25 to
2007.25. It might be considered as the �oldest� impulse response function. Each other impulse response function
more to the right corresponds to impulse response function calculated on time frame longer by one quarter. The
second impulse response function from the right therefore corresponds to time frame from 1999.25 to 2007.5. The
impulse response function most to the right uses most up-to-date data and is calculated on time frame from 1999.25
to 2011.

Thez-axis denoted on the right of the �gure is the value of the impulse response functions, which is common

98



Figure 4: Impulse response functions with different time-frames

in depicting of impulse response functions.

Impulse responses function highlighted in bold are of special interest, since they exhibit biggest difference
between each other. The bold impulse response function more to the left (the �older� one) corresponds to pre-
crisis time-frame from 1999.25 to 2008.25. The second bold impulse response function is calculated on time
frame ending in �rst quarter of 2009, that is, the period where is the oncoming recession most apparent in the data.

Changing structure of the economy described by model behavior exhibits approximately twice as low drop in
foreign output in crisis than it was before crisis as a result of a negative world-wide technology shock. These two
highlighted impulse response functions are also shown in left panel of Figure 5, together with 90% con�dence
bands. Dashed impulse response function corresponds to data set containing crisis period, the solid line depicts
pre-crisis impulse response function.

Con�dence bands are depicted by shading and dotted borders. Darker shading in the background corresponds
to �crisis� dashed impulse response function, whereas lighter shading in the front belong to �pre-crisis� impulse
response function. This depiction shows that point estimate of the IRF in crisis is outside pre-crisis con�dence
bands. On the other hand, upper part of the con�dence bands is almost the same and major parts of the con�dence
intervals therefore overlap.

The right panels of Figures 4 and 5 show the same type of results that were discussed in previous paragraphs.
The investigated case was again a world-wide technology shock, but this time the reaction under scrutiny was
domestic in�ation.

Right panel of Figure 4 displays that the reaction of in�ation is much lower in crisis and moreover, the shape
of the point estimate of the impulse response function is different. Again, in order to investigate the case in greater
detail, right panel of Figure 5 can be used. It is now visible, that the reaction of in�ation in crisis is almost
nonexistent at the time when the shock occurs. In 3�4 quarters, the in�ation rises by 0.3 percentage points. The
reaction of in�ation before crisis is quite different � in�ation jumps by 0.6 percentage points and then it gradually
diminishes. However, the con�dence bands show a great deal of uncertainty about the point estimates of the
impulse response functions. However, the con�dence bands show that positive reaction of in�ation is much more
probable in period before crisis than in economic crisis, when the lower band of con�dence interval drops in
negative values.

7 Conclusions

The paper presents innovative approaches towards investigation of changes that may occur in the behavior of
modeled economies during economic recession and also offers some economic examples.

Section 4 brie�y introduced a methodology that could help unveiling different economic eras. The working
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Figure 5: Impulse response functions with different time-frames with 90% con�dence bands. Dashed line with
background darker shaded con�dence bands correspond to �crisis� time frame from 1999.25 to 2009.25. Solid line
with lighter shaded con�dence bands correspond to �pre-crisis� time frame from 1999.25 to 2008.25.

of the procedure is presented on a case with a resulting change to the data set, which was truncated by �rst three
observations. Section 5 presents two exemplary results of changes in estimated parameter values together with the
uncertainty of the point estimates. It turns out that e.g. foreign central bank lowers its preference about output
growth while it engages in monetary policy. Section 6 uses parameter sets estimated on different time-frames a
computes impulse response functions with different time-frames. 3-D graph of the impulse response functions
unveil changes in the reactions of variables in question. Attention is also paid to uncertainty associated with the
impulse response functions. The results show a signi�cantly different reaction of foreign output growth to a world-
wide technology shock. Another case shows a different shape of impulse response function of domestic in�ation.
Both of these cases indicate changes in the structure of the economies represented by the model.
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On estimation of the commodity hedge ratio in
inv entory management

Michal �Cern�y 1

Abstract. It is often the case that producers and users of commodities hedge
the exposition in a commodity (e.g. an expected purchase, expected sale, com-
modity held on stock, commodity being processed) with a derivative position
in another, highly correlated commodity. The basic risk-management issue is
to estimate the hedge ratio properly. The hedge ratio is usually estimated from
historical market data. We address the question of long-term stability of the
hedge ratio and propose a method for estimation of the hedge ratio allowing
to improve the hedging relationship using stability analysis.
Keywords: �nancial time series, hedge ratio, stability of estimators

JEL classi�cation: C44
AMS classi�cation: 62M10, 91B30, 91B84

1 Intoduction

It is often the case that commodity producers, consumers, processing companies and storekeepers hedge
their future exposition in one market variable using derivatives with another, highly correlated underlying
variable. Some examples include:

� an airline company hedges its expected purchases of kerosene with crude oil futures;
� a producer of high-quality wheat hedges its future sales with standardized wheat futures (such as

CBOT futures as speci�ed by the CBOT Rule 14104Wheat Futures | Grades/Grade Di�erentials );
� a producer of wires hedges the aluminium held as inventory with aluminium futures, where the

underlying aluminium is of di�erent quality.

Another example is investigated in [7]. The main reason for this behaviour is that while the market-traded
commodities are highly standardized, the companies need to purchase or sell commodities with di�erent
technological parameters for which the market is not available or is illiquid. Illiquid markets su�er from
high bid-ask spreads; therefore, while hedging of e.g. kerosene exposition with kerosene futures could be
theoretically possible, the spreads are so expensive that companies prefer highly liquid crude oil futures.
Moreover, crude oil futures are available for more maturities than kerosene futures.

In general, the case is that an open position in a variabley originated from the core business of
the industry is hedged via a derivative position in another variable x. Of course, in order the hedging
relationship make sense, the variablesx and y must be tightly interconnected.

From now on, we shall take the exampley = kerosene (say, expected future purchases of kerosene by
an airline company) and x = crude oil (say, price of crude oil futures to hedge the kerosene exposition).

When such a hedging relationship is established, a crucial question is to estimate the hedge ratio
properly. For example, shall one ton of expected purchase of kerosene be hedged via purchased futures
with the volume of 1.2, 1.3 or 1.4 tons of crude oil? The hedge ratio, i.e. the ratio between a unit ofy
and the number of units of x is the crucial factor determining the quality of the hedging relationship. If
the hedge ratio is selected too low, then an unhedged position in kerosene remains open. On the other
hand, if the hedge ratio is selected too high, then a new speculative position in crude oil originates. The
risk-management aim is to select the hedge ratio in order the position be fully hedged. Henceforth, the
hedge ratio will be denoted�.

1University of Economics Prague, Department of Econometrics, W. Churchill Sq. 4, 13067 Prague, Czech Republic,
e-mail: cernym@vse.cz
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2 Model for estimation of the hedge ratio

The hedgeratio � is usually estimated from historical data. A long-term relationship betweeny and x is
usually assumed to be of a form as

�y t = ��x t + " t ;
�y t = � + � �x t + " t ;

yt = �x t + " t ;
yt = � + �x t + " t ;

� log yt = �� log x t + " t ;
� log yt = � + � � log x t + " t ;

where t is the index of time, � denotes the di�erence operator and " is the random error.

Let � t be homoskedastic with unit variance. The random errors" t are usually assumed in one of the
forms

" t = �� t ;
" t = x t �� t ;
" t = yt �� t

where � > 0 is a parameter. As an example, in this text we shall assume the model

yt = � + �x t + x t �� t : (1)

Figure 1, where prices of kerosene (yt ) and prices of crude oil (x t ) are plotted, shows that this assumption
seems to be reasonable. Moreover, it is reasonable to assume that prices of kerosene, being an oil-based
product, are driven by the prices of oil. The variance being proportional to the price level is a traditional
feature of �nancial time series.

Figure 1: Long-term relation between prices ofkerosene and Brent. Source: Lufthansa Annual Report.

Note that the long-term relationship (1) can be, with some simpli�cation, also interpreted as a pro-
duction function: on average, to producey tones of kerosene, we need �xed costs� plus variable costs in
the form of � tons of crude oil per ton of kerosene.

The hedge ratio � can be estimated as the absolute term in the homoskedastic model

yt

x t
= � + � �

1
x t

+ �� t (2)

which is equivalent to (1).
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We shall assume that� t ’s are such that the model (2) can be estimated with Ordinary Least Squares
(OLS).

3 The main problem

Both x t and yt are high-frequency data. They are available on a daily basis (or even intraday). A long
history of them is available; their prices have been quoted for several decades.

Our aim is to estimate � as precisely as possible. It is well known that the variance ofb� (b� is the OLS
estimator of �) decreases with the number of observations. Hence, if we assume a long-term relationship
(1), to get the most exact estimate of � , we should use all the historical data available.

However, on the other hand, it is doubtful whether e.g. kerosene/crude oil ratios from 1960’s are
relevant for estimation of the contemporary hedge ratio. It is not clear whether the assumption that the
relationship (1) is stable over decades is valid. (For example, if the relationship (1) is interpreted as the
production function, we may argue that technology changes time to time.) It seems more realistic to
assume that the relationship (1) is stable in the short run (i.e., say months of a few years) while in the
long run it may be subject to changes. The short-run stability assumption is essential; otherwise hedging
of kerosene with oil futures would not make sense.

The main question now arises: how long history of data shall be taken into account when estimating
the hedge ratio � in (2) in order

� to minimize the variance of the estimator (i.e., to estimate � as exactly as possible) and, simulta-
neously,

� to avoid estimation bias arising from possible instability of the value of � in the long run.

We shall propose a method to deal with this problem. The problem has also been addressed, from a
di�erent perspective, in [3, 4, 5, 6, 8]. We shall introduce a method which is partially motivated by [2].

4 Step 1: A statistic for testing stability

Now assume that the set of historical datax1; : : : ; xn and y1; : : : ; yn is �xed. Let us test the hypothesis

H : the relationship (2) is valid for all t 2 f 1; : : : ; ng

against the alternative

A : there is a time � 2 f 3; : : : ; n � 3g such that
yt

x t
=

(
� 0 + � 0 � 1

x t
+ �� t for t 2 f1; : : : ; � g,

� 1 + � 1 � 1
x t

+ �� t for t 2 f� + 1 ; : : : ; ng,

where � , � , (� 0; � 0) 6= (�1; � 1), � and � > 0 are unknown parameters. Assuming that� t are N (0; 1)
independent, we can construct the log-likelihood ratio

L = ln
f A

f H

= ln

Q �
t=1

1
� �

p
2�

� exp
�

� (y t �� 0 x t � � 0 )2

2x 2
t � 2

�
�
Q n

t=� +1
1

� �
p

2�
� exp

�
� (y t �� 1 x t � � 1 )2

2x 2
t � 2

�

Q n
t=1

1
� �

p
2�

� exp
�

� (y t ��x t � �) 2

2x 2
t � 2

�

=
1

2� 2

"
nX

t=1

(yt � �x t � � )2

x2
t

�
�X

t=1

(yt � � 0x t � � 0)2

x2
t

�
nX

t= � +1

(yt � � 1x t � � 1)2

x2
t

#

;

where f A and f H denote the joint distribution of y t
x t

under A and H , respectively. If we assume that� is
�xed, we get the traditional log-likelihood test for the existence of change in the regression relationship
in time � of the form

V� =
RSS1:n � RSS1:� � RSS� +1: n

RSS1:n
;
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where RSSi:j is the residual sum of squaresfrom OLS-estimated regressiony t
x t

= � + � � 1
x t

+ �� t using
the data t 2 fi; i + 1; : : : ; j g. Relaxing the assumption that � is �xed, we obtain the statistic

V = max
t 2f 3;:::;n �3g

Vt : (3)

We shall need critical values for the statistic V under H . The statistic V , being the maximum of
dependentB1; n

2 �2 -distributed random variables, has a complicated distribution; in fact, an exact formula
is not known.

Fortunately, the statistic V is essentially the same statistic as investigated by Worsley [9]. Worsley
derived a Bonferroni-type approximation (see also [1]) of the distribution ofV in the form

Pr[V 6 z] � B1; n
2 �2 (z) �

2� 3
2 ; n

2 �1 (z)
� � (n � 2)

�

 
n �3X

i=2

� i �
1
6

�
n � 5

6
�

z
1 � z

� 1
�

�
n � 3X

i=2

� 3
i

!

; (4)

where � and B denote the density function and the cumulative distribution function of beta distribution,
respectively, and

� i =
q

x T
i+1 (X T

i+1:n X i +1: n ) �1 X T
1:n X 1:n (X T

1:i +1 X 1:i+1 ) � 1x i+1 ; x i = (1 1
x i

); X i :j =

0

BBBB@

x i

x i+1
...

x j

1

CCCCA
:

Using (4) and binary search, it is computationally feasibleto derive the z0-quantile for V given z0. This
z0-quantile will be referred to as the Worsley’sz0-critical value.

If H is rejected, then (3) also suggests a natural estimator of the unknown value� :

b� = arg max
t2f3;:::;n �3g

Vt : (5)

So far we have treated the data setx1; : : : ; xn and y1; : : : ; yn , to which the statistic V and the
estimator b� is applied, as �xed. Instead of V and b� , we could have also writtenV (x 1; : : : ; xn ; y1; : : : ; yn )
and b� (x1; : : : ; xn ; y1; : : : ; yn ) to emphasize the data set to which the statistic V and the estimator b� are
applied. We shall also write

V (x k ; : : : ; x ‘ ; yk ; : : : ; y‘ ) =: Vk :‘ and b� (xk ; : : : ; x ‘ ; yk ; : : : ; y‘ ) =: b� k :‘

if the statistic V and the estimator b� are applied to the restricted data setxk ; : : : ; x ‘ , yk ; : : : ; y‘ (i.e., the
observationst 62 fk; k+1; : : : ; ‘ g are omitted). Then, the Worsley’s z0-critical value will be denoted W z0

k :‘ .

5 Step 2: Estimating the period of stability

Assume that the data set x1; : : : ; xn and y1; : : : ; yn is available; the tuple (xn ; yn ) is the most recent
observation (say, today’s quotes) and (x1; y1) the endmost observation (say, quotes originated several
decades ago).

We shall start from the most recent period and search for the last point of change in the hedge ratio.
Let z0 be �xed (e.g. z0 = 0:95 corresponds to the 5% level of the test). We shall run the following
procedure:

f1g for k := n � 20 downto 1 do
f2g if Vk :n > W z0

k :n then stop and output b� := k + b� k :n � 1;
f3g next k
f4g stop and output \the entire data set is stable".

(The choice ofn � 20 in f1g is arbitrary; any other value could be used.)

116



If the procedure f1g { f4g stops in the step f2 g, then a point of change is detected and the procedure
outputs its estimate b� . Then, for estimation of the hedge ratio, we shall use the model (2) with the data
set t 2 f b� + 1 ; b� + 2; : : : ; n g.

Moreover, it is suitable to take into account the fact that the estimator b� could have estimated the
true point of change inexactly. Though the exact distribution of b� under A is not known, it seems to be
reasonable to get over the loss of a reasonable number of observations, saym (determined heuristically),
and estimate the hedge ratio using the model (2) with the data sett 2 f b� + m; b� + m + 1; : : : ; n g.
(A recommendation, how m should be chosen in practice, is subject to further research.)

6 Visualization of the method and an example

The method can be visualized in the following way. We plot the processes

eVk := (n � k) � Vn �k :n ; fW z0
k := (n � k) � W z0

n �k :n ; e� k := n � k + b� n �k :n

for k = 20; 21; : : : ; n with (say) z0 = 0:95 and z0 = 0 :99. (The scaling factor n � k in the de�nition of
eVk and fW z0

k has been added, without loss of generality, to make the pictures more transparent.) Such a
plot also shows how stable the estimate ofb� output in f2g is; ie whether the valueb� detected with the
procedure f1g { f 4g remains stable even if we had not stopped inf2g and had iterated further.

1% 5%

134

149

eVk

e� k

k

k

1% level �rst exceeded

Figure 2: The processeVk , Worsley’s 5% and 1% criticalbounds and the processe� k .

In Figure 2, results of a simulated example are shown. We generated a trajectory ofx t for t =
1; : : : ;500 (which corresponds to four years if 1 year = 250 business days) as a lognormal random walk
varying between$20 and$85, see Figure 3. The processyt (the evolution of kerosene prices) was simulated
using (1) with � t � N (0; 1) independent and

� = 0 :1; � = 0 ; � =

(
1:3 for t = 1 ; : : : ; 330,
1:4 for t = 331; : : : ; 500.

(6)

Observe that the variance is quite high: if the price of crude oil is$100, the standard error is$10.

In Figure 2 it is apparent that the procedure f1g { f 4g detects b� = 134, which is an inexact estimate
(by (6) the point of change appeared 500� 330 = 170 days ago). If we don’t stop in the stepf2 g when
the 1% level is �rst exceeded and iterate further, we arrive at the estimateb� = 149 (which is a value
closer to the true value 170). It can be seen that the estimateb� = 149 is stable. Hence, the procedure
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yt

x t

t

$

Figure 3: Simulated evolution of values of crudeoil (x t ) and kerosene (yt ).

suggests to estimate the hedge ratio either using last 133 or last 148 observations, the remaining (\old"
ones) being omitted.

We know that the true value of the hedge ratio is 1:4. The resulting OLS-estimates are

b� from data t 2 f 500 � 133; : : : ; 500g = 1 :43 and b� from data t 2 f500 � 148; : : : ; 500g = 1 :46:

If we estimate the hedge ratio from the entire data set, we obtain a much worse value

b� from data t 2 f 1; : : : ; 500g = 1:23

which is clearly biased by the \old" history. If the latter value had been used, only 88% (= 1:23 � 1:4)
of the kerosene position would be hedged (on average), while with the method presented we get an
\over-hedged" position of 102% (= 1:43 � 1:4) or 104% (= 1:46 � 1:4), respectively.

7 Conclusion

In this paper we introduced a method that helps in deciding how long data history shall be taken into
account when the hedge ratio between two correlated commodities is estimated from historical data.
The method is based on the theory of stability of regression models. We also suggested a natural
visualization tool for the method. The method can be extended in di�erent ways. It may be useful in
on-line monitoring whether the hedge ratio remains stable or whether it should be adjusted during the
existence of the hedging relationship. It can be also used for other market variables, such as hedging of
an exposition in one currency by taking a derivative position in another currency. Further research shall
focus on theoretical properties of the method, improvement of the approximation of critical values and
testing in practice (including comparison with other methods known from literature in real-world case
studies).
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Clearly, the probabilities P(i,j) must satisfy the normalization equation: 
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Route 1 2 3 4 5 6 7 8 9 10 11 12 13 14 rd  rz  

1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 10 0,5 
2 0 0 1 0 0 1 0 0 0 0 1 0 0 0 184 0 
3 0 0 0 1 0 0 0 0 0 0 0 0 0 0 66 1 
4 0 0 0 0 1 0 0 0 0 0 0 0 0 0 88 1 
5 0 0 0 0 0 0 1 1 0 0 0 0 0 0 230 0,5 
6 0 0 0 0 0 0 0 0 1 0 0 0 1 0 236 0 
7 0 0 0 0 0 0 0 0 0 1 0 1 0 0 105 0,5 
8 0 0 0 0 0 0 0 0 0 0 0 0 0 1 54 1 
9 0 0 1 0 0 0 0 0 1 0 0 0 0 0 225 0 
10 0 0 0 0 0 1 0 0 0 1 0 0 1 0 229 0 
11 0 0 0 0 0 0 0 0 0 0 0 1 1 0 54 0 
12 0 0 0 0 0 0 0 0 0 0 1 0 1 0 142 0 
13 0 0 0 0 0 1 0 0 1 0 0 0 0 0 270 0,5 
14 0 0 1 0 0 0 0 0 0 1 0 0 1 0 139 0 
15 0 0 0 0 0 0 0 0 0 1 0 0 1 0 104 0 
16 0 0 1 0 0 0 1 0 0 0 0 0 0 0 228 0,5 
17 0 0 1 0 0 1 0 1 1 0 0 0 0 0 275 0 
18 0 0 0 0 0 1 0 0 0 0 1 0 0 0 160 1 
19 0 0 0 0 0 0 0 0 1 1 0 0 0 0 277 0,5 
20 0 1 0 0 0 0 0 0 0 0 0 0 1 0 27 0,5 
21 0 0 1 0 0 0 0 1 1 0 0 0 0 0 225 0,5 

Table 1  List of routes for CG algorithm 

Number  
of routes 

Obejctive 
value 

Dual values 

  1 2 3 4 5 6 7 8 9 10 11 12 13 14 

9 973 0 -10 0 -66 -88 -184 -230 0 0 -105 0 0 -236 -54 

10 973 0 -10 0 -66 -88 0 -230 0 -7 0 -184 -105 -229 -54 

11 973 0 -10 0 -66 -88 0 -230 0 -182 -105 -184 0 -54 -54 

12 973 0 -10 0 -66 -88 -156 -230 0 -225 -62 -28 -43 -11 -54 

13 973 0 -10 -37 -66 -88 -82 -230 0 -188 -99 -65 -6 -48 -54 

14 973 0 -10 -8 -66 -88 -74 -230 0 -196 -91 -102 -14 -40 -54 

15 973 0 -10 -15 -66 -88 -60 -230 0 -209 -77 -108 -27 -26 -54 

16 973 0 -10 -15 -66 -88 -60 0 -230 -209 -77 -108 -27 -26 -54 

17 968 0 -10 -1,5 -66 -88 -67 -226,5 -3,5 -203 -77,5 -115,5 -27,5 -26,5 -54 

18 958,5 0 -10 -9,5 -66 -88 -44,5 -218,5 -11,5 -209,5 -77,5 -115,5 -27,5 -26,5 -54 

19 953,5 0 -10 -14,5 -66 -88 -44,5 -213,5 -16,5 -199,5 -77,5 -115,5 -27,5 -26,5 -54 

20 953,5 0 -10 -14,5 -66 -88 -35 -213,5 -16,5 -209 -68 -125 -37 -17 -54 

21 946 0 -10 -7 -66 -88 -50 -221 -9 -209 -68 -110 -37 -17 -54 

21 int. 953 - - - - - - - - - - - - - - 

opt. 949 - - - - - - - - - - - - - - 

21 950,75 0 0 -11,75 -66 -88 -50 -216,25 -13,75 -199,5 -77,5 -110 -27,5 -26,5 -54 

22 947,5 0 0 -8,5 -66 -88 -50 -219,5 -10,5 -206 -71 -110 -34 -20 -54 

23 949 0 0 0 -66 -88 -54 -228 -2 -216 0 -106 0 -20 -54 

24 949 0 0 0 -66 -88 -50 -228 -2 -220 0 -110 0 -16 -54 

Table 2 Dual solution to problem P with optimal objective values dc 

Route 1 2 3 4 5 6 7 8 9 10 11 12 13 14 rd  

22 0 0 0 0 0 0 0 0 0 0 0 0 1 0 20 
23 0 0 1 0 0 0 0 0 1 0 0 0 1 0 236 
24 0 0 0 0 0 1 0 0 1 0 0 0 1 0 286 

Table 3  List of routes for branch and bound algorithm 
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