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PREFACE 
 
 
Dear conference participant, 
 
It is a great pleasure to welcome you to the 30th MME 2012 Conference organized by the Czech 
Society of Operations Research, Czech Econometric Society in cooperation with the Silesian 
University in Opava, School of Business Administration in Karviná. The conference offers you the 
opportunity to meet the operations research and econometric community in the Czech Republic and 
also many researchers coming from Slovakia, Poland and other seven countries. It also offers you an 
exposure to the evolution of the several areas that compose Operational Research, Econometrics, and 
generally mathematical methods applied in economics to keep you updated on our continuously 
evolving dynamic disciplines. During the conference you will certainly meet old and new colleagues, 
exchange ideas, develop new projects. You will also feel and enjoy the special atmosphere of the 
eastern Ostrava-Karviná region of the Czech Republic. 
 
Beside the scientific programme which includes more than 190 papers, the social programme is also 
very rich. Let me invite you particularly to the excursion offered by the organizers to Vítkovice Steel 
(part of the city of Ostrava), where production of iron, coal and agglomerates in so-called Bottom area 
(Dolní oblast) has been already terminated. Part of this strategic locality was proclaimed National 
Cultural Monument together with Hlubina coal mine. Here you can visit the original blast furnace, 
coal mine tower or the gas storage transformed into modern concert hall and other interesting sites. 
 
This conference Proceedings is divided into two parts and includes 179 papers selected from more 
than 200 papers submitted to the conference programme committee. All published papers have been 
subjected to a strict reviewing procedure of two independent referees. A positive feature is that our 
Proceedings includes 33 papers published exclusively by young researchers – mostly doctoral students 
and more than 30 papers with young scientists as co-authors. 
 
I am confident that you will find the 30th MME 2012 Conference stimulating, rewarding and pleasant 
and that you will enjoy your stay in Karviná. 
 
 
In Karviná, September 2012 
 
 
 
Prof. Dr. Jaroslav Ramík 
Chair of the programme committee 
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Asset pricing in DSGE models | comparison of
di�erent approximation methods

Jan Aceda�nski1

Abstract. There are many numerical methods suitable for approximating
solutions of DSGE models. They di�er in terms of accuracy, coding and com-
puting time. However for many macroeconomic applications the di�erences
in accuracy do not matter, since all methods generate approximations with
similar statistical properties of simulated time series. In the paper we check
whether this is also the case for DSGE models with �nancial variables, like
stocks and risk-free bonds. These models are usually highly nonlinear and
some special methods should be applied to approximate the asset prices. In
the paper we take a simple macro-�nance DSGE model proposed by Jermann,
solve it with three di�erent group of methods, simulate and check if the sim-
ulated series of �nancial variables di�er in terms of basic statistical moments.
For solving the model we use the higher-order perturbation approaches, the
loglinear-lognormal method, as well as the Galerkin projection method. The
results show that there might be signi�cant di�erences between moments of the
�nancial series in models approximated using di�erent methods. For example
for moderate parametrization the expected risk premium in the model approxi-
mated by the Galerkin method is about half of percentage point higher than for
the perturbation methods and the loglinear lognormal approach. These results
clearly indicate that the further research on the solution methods of DSGE
models with �nancial variables is needed.
Keywords: DSGE models, asset pricing, solution methods, risk premium.

JEL classi�cation: C63, C68, G12
AMS classi�cation: 37H10

1 Introduction

Dynamic stochastic general equilibrium models (DSGE) are one of the main tools used for analysis of
economic policy. Having solid microfoundations makes them from the one hand robust to the Lucas
critique but also very complicated. From the mathematical point of view a model is represented by a set
of stochastic, nonlinear di�erence equations. There have been many methods proposed in literature for
approximation of such systems [7]. They di�er in terms of accuracy, speed and implementation di�culty
[1, 5, 6]. The most popular are perturbation methods based on local polynomial approximation of a solu-
tion, projection methods seeking for a global approximation with Chebyshev polynomials and approaches
based on solving Bellman’s optimality principle. Despite signi�cant di�erences in terms of accuracy, as
far as macroeconomic variables are concerned time series simulated from models approximated with dif-
ferent methods usually have similar statistical properties. Therefore for many applications the simplest
�rst-order approximations, like loglinearisation, provide su�cient accuracy. However this may not be the
case if a macroeconomic model is extended to include asset prices as well, since to price stocks or bonds
correctly it is crucial to have correct second- and higher order moments of payo�s and discount factors.

In this paper we study statistical properties of asset prices in a DSGE model approximated using
several di�erent methods. Contrary to previous papers by Aruoba, Fernandez{Villaverde and Rubio{
Ramirez [5] and Heer and Maussner [6], we use a modi�cation of otherwise standard stochastic growth
model proposed by Jermann [8] that incorporates exogenous habits in a utility function and investment
costs. These modi�cations enable the model to generate a signi�cant risk premium and therefore are
commonly included in more complex macroeconomic models. In contrast to previous studies, the model

1University of Economics in Katowice, Department of Statistical and Mathematical Methods in Economics, 1-go Maja
Street 50, 40-287 Katowice, Poland, jan.acedanski@ue.katowice.pl
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exhibits higher nonlinearities, that make it particularly hard to approximate accurately. We solve the
model using several perturbation methods of di�erent orders, the Galerkin variant of the projection
approach as well as the loglinear-lognormal approach which is a method tailored to approximating asset
price dynamics in DSGE models. We show that although statistical properties of macroeconomic series in
the model are virtually the same across the methods, the behaviour of asset prices may di�er signi�cantly
which indicates the need for the further research in that area.

The paper is organized as follows. In the �rst section we brie
y introduce the model. Then we discuss
the methods used for the approximation. Finally we present the results of the simulation study.

2 The model

The paper uses the model proposed by Jermann [8] with only one minor modi�cation | we abstract from
the long-run growth. The economy is populated by large number of identical households who evaluate
the consumption stream according to the instantaneous utility function:

u(Ct ; Ct � 1) =
(Ct � � cCt � 1)1� � � 1

1 � �
; (1)

whereCt represents consumption,� is the household’s relative risk aversion, and� c is a habit persistence
parameter. The households receive the income from workWt L t , where Wt is wage andL t represents the
fraction of time devoted to work. Since the households own �rms, they also receive dividendsD t . So the
budget constraint of the representative household has the following form:

Wt L t + D t = Ct : (2)

In every period the household maximizes its expected lifetime utility:

max
C t

Et

"
1X

h=0

� h u(Ct + h ; Ct + h � 1)

#

s.t. Ct + h = Wt + h L t + h + D t + h ; h = 0 ; 1; ::: (3)

where � represents the household’s discount factor.

The representative �rm combines capital K t with labour to produce single good Yt according to
a standard Cobb{Douglas technology:

Yt = Z t K �
t L 1� �

t ; (4)

where � represents capital share in the output, whereasZ t is a stochastic shock with AR(1) law of motion:

ln Z t = � ln Z t � 1 + �� t ; � t � N (0; 1): (5)

The capital stock owned by the �rm depreciates at a constant rate � per period and is increased by
investment I t , so its evolution is given by:

K t = K t � 1 � �K t � 1 + �
�

I t

K t � 1

�
K t � 1; �

�
I t

K t � 1

�
=

a1

1 � 1=�

�
I t

K t � 1

� 1� 1=�

+ a0: (6)

Function � is a concave function capturing the idea that adjusting capital rapidly is more costly than
changing it slowly. Each period the �rm decides how much labour to hire and how much to invest trying
to maximise utility of the dividend stream paid to the shareholders:

max
L t ;I t ;K t

Et

"
1X

h=0

� h MU t + h D t + h

#

s.t. K t + h =
�
1 � � + �

�
I t + h

K t + h � 1

��
K t + h � 1; h = 0 ; 1; :::; (7)

where a marginal utility of the household MU t evolves according to:

MU t = ( Ct � � cCt � 1) � � � � c� Et

h
(Ct +1 � � cCt )

� �
i

(8)

and D t corresponds to a net pro�t of the �rm:

D t = Yt � Wt L t � I t (9)
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Since labour do not enter the utility function and its marginal product is always positive the households
choose:

L t = 1 : (10)

Wage equals the marginal product of labour:

Wt = (1 � � )Z t K �
t � 1: (11)

The �rm’s �rst-order optimality conditions imply:

Qt = � Et

�
MU t +1

MU t

�
�Z t +1 K � � 1

t �
I t +1

K t
+ Qt +1

�
1 � � + �

�
I t +1

K t

����
; (12)

where Qt is a Lagrange multiplier associated with the capital law of motion constraint in the decision
problem (7):

Qt =
�
� 0

�
I t

K t � 1

�� � 1

: (13)

The model has 10 macroeconomic variables and consists of 10 equations: (2), (4){(6), (8){(13). It
can also easily incorporate asset prices. For example, stockPt and 1-period risk-free bondPf;t price
dynamics are given by the standard formulas:

Pt = � Et

�
MU t +1

MU t
(Pt +1 + D t +1 )

�
; (14)

Pf;t = � Et

�
MU t +1

MU t

�
: (15)

3 Approximation methods

The model introduced in the previous section can be compactly written as follows:

Et f (X t +1 ; X t ; X t � 1; � � t ) = 0; � t � N (0; � ); (16)

whereX t is a vector of all nx model variables,� t represents a vector ofne stochastic shocks andf : Rn x �
Rn x � Rn x � Rn e ! Rn x . We look for a solution of the general form:

X t = g(X t � 1; � � t ); (17)

which can also be expressed in terms of a smaller set of state variablesSt :

X t = gx (St � 1; � � t ); St = gs(St � 1; � � t ): (18)

For the analysed model the set of the state variables consists of consumptionCt � 1, the capital stock
K t � 1 and the productivity shock Z t . In the next subsections we discuss three approaches used for
approximating the solution (17).

3.1 Perturbation methods

These methods are based on a local approximation of the solution with Taylor’s polynomials around the
model’s deterministic steady state. This steady state can be seen as a limit of a system without any
shocks, it is when� = 0. Here we discuss only linearisation, the simplest of the perturbation approaches.

If we linearise the solution (17) around the steady state �X , we get:

X t � �X + G x (X t � 1 � �X ) + G � � � t ; (19)

whereG x and G � are Jacobians of the functiong with respect to X t � 1 and � t respectively. The values of
G x and G � can be calculated by inserting (17) into (16) and using the implicit function theorem, which
states that since the l.h.s. of (16) is equal to 0, this must also be the case for all its derivatives. This
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in turn leads to a matrix quadratic equation [6]. The linearised solution with the state variables has the
following form:

Ŝt � M Ŝt � 1 + W � t ; X̂ t � M X Ŝt � 1 + W X � t ; (20)

where hats over the variables represent deviations from the steady state:̂St = St � �S and the matrices
M ; W ; M X and W X consist of the elements ofG x and G � .

The higher-order approximations can be obtained in similar, recursive way by utilizing results of the
approximation of a lower order as shown by Schmitt-Groh�e and Uribe [9]. The method discussed here
is very popular since it can be easily applied to models with large number of state variables. It is also
very fast. Moreover it has been implemented in Matlab’s Dynare package [3]. The main weakness of the
approach is lack of accuracy since the obtained solution is close to the true one only near the steady state.
When the system is far from the long-run equilibrium the approximation may be poor and in extreme
cases the approximation may be divergent. However the higher-order approximations are considered by
some researchers [5] to provide the accuracy of the similar order to other, more reliable approaches.

3.2 Loglinear lognormal approach

This method was proposed by Jermann [8] exclusively for the approximation of the asset price dynamics
in linearised models. Since the linearisation abstracts from any second-order e�ects it cannot be used in
models with asset prices. The loglinear-lognormal approach utilizes loglinear solution for the macroeco-
nomic variables and extends it to include second-order terms for approximating asset prices. The loglinear
solution of the model has the form (20):

ŝt � M ŝt � 1 + W � t ; x̂ t � M X ŝt � 1 + W X � t (21)

where ŝt = ln S t � ln �S. From (15) we have:

Pf;t = � Et

�
MU t +1

MU t

�
= � Et exp

h
�̂ t +1 � �̂ t

i
= � Et exp [M � ŝt + W � � t +1 � M � ŝt � 1 � W � � t ] =

= � Et exp [M � (M ŝt � 1 + W � t ) + W � � t +1 � M � ŝt � 1 � W � � t ] =
= � Et exp [(M � M � M � )ŝt � 1 + ( W � M � W � )� t + W � � t +1 ] =
= � exp [(M � M � M � )ŝt � 1 + ( W � M � W � )� t + 0 :5W 0

� W � ] ;

(22)

where in derivation we used the facts that: �̂ t = ln MU t � ln �MU , �̂ t +1 and �̂ t follow (21) and the
expected value of the lognormal random variableE[exp(x)] = exp

�
E(x) + 0 :5D2(x)

�
. The same approach

can be applied to pricing stocks using discounted dividend version of the pricing equation, as shown by
Jermann [8] and Aceda�nski [2].

Similar to the perturbation approaches the presented method is easy to implement and can be ap-
plied to models with a large number of the state variables. However little is known about accuracy of
the solution. Moreover the loglinear-lognormal framework treats the macroeconomic variables and the
�nancial variables in di�erent ways which sometimes is also considered as a weakness.

3.3 Projection method

The projection methods approximate globally either some parts of the solution (17) or some parts of
the system (16) using linear combinations of Chebyshev polynomialsTm (x) (T0(x) = 1, T1(x) = x,
Tm (x) = 2 xTm � 1(x) � Tm � 2(x), m { polynomial order). Following Heer and Maussner [6] we use both:
we look for the approximating function 	 (1) for the solution for Qt and for the approximation 	 (2) of
the conditional expectation in the marginal utility dynamics (8) of the form:

	 (n ) (C; K; Z;  (n ) ) =
X

i;j;l

 (n )
i;j;l Ti (C)Tj (K )Tl (Z ); i + j + l = m; n = 1 ; 2; (23)

For simpli�cation we omit the time subscripts in the approximating functions (23). The unknown coef-
�cients  (1)

i;j;l and  (2)
i;j;l should be set so to make the approximation functions as close as possible to the

true functions within a given space of (C; K; Z ). Then if we know the solution for Qt we can easily �nd
the conditional solution for all other variables. To �nd the values of  (n )

i;j;l distance measuresR(n ) need to
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be de�ned. For the �rst equation R(1) (C; K; Z;  (1) ) is the di�erence between 	 (1) and the r.h.s of (12)
conditional on  (1) . For the second oneR(2) (C; K; Z;  (2) ) is the di�erence between 	 (2) and the expec-
tation in (8) calculated conditional on  (2) . The expected values in both expressions are approximated
using Gauss-Hermite quadrature formula with 10 nodes.

Then to �nd the values of  (n )
i;j;l we use the Galerkin condition: the coe�cients should be set so to

make the residuals orthogonal to the Chebyshev polynomials:
Z C

C

Z K

K

Z Z

Z
R(n ) (C; K; Z;  (n ) ) � Ti (C) � Tj (K ) � Tl (Z ) dZ dK dC = 0 (24)

The quadratures above are approximated using Gauss-Chebyshev formula with 20 nods in each dimension.
For both polynomials we use orderm = 6, therefore the whole system of equations has 168 unknowns.

The projection methods are considered to be the most accurate [7], even far from the steady state.
However they are hard to implement and are very slow. They also su�er from the curse of dimensionality.
To approximate accurately the model with only 3 state variables the system of equations with more than
150 unknowns must be solved.

4 Results of the simulation study

For the simulation study we utilize rather standard parametrization and set � = 0 :36, � = 0 :99, � =
0:0136, � = 5, � = 0 :95, � = 0 :01. Only for the habit strength � c = 0 :7 and the curvature of the
investment function � = 0 :8 we use the values that slightly di�er from the literature (Jermann [8] uses
� c = 0 :82 and � = 0 :23, whereas Heer and Maussner [6] study the model with� c = 0 :8 and � = 0 :23).
That parametrization do not allow the model to match the observed expected risk premium of about 6%
per annum, but it makes the model less nonlinear and therefore easier to approximate, especially for the
Galerkin method. We compare the following methods: perturbations in logs of the second-, third- and
�fth-order, the loglinear-lognormal approach and the Galerkin method. For the given parametrization
we approximate the model with these methods and run 1000 simulations with 250 quarters each.

Table 1 contains the basic moments of the macroeconomic variables. Since for all perturbation meth-
ods the results are exactly the same, we report them in one joint row. The table clearly shows that there
are no important di�erences between the methods as far as the macroeconomic variables are concerned.

Moments

Method D(Y ) D(C )
D(Y )

D( I )
D(Y ) ar(Y ) ar(C) ar( I ) corr(C; Y ) corr( I; Y )

loglinear lognormal
0.013 0.52 3.25 0.71 0.90 0.57 0.87 0.95

perturbations
Galerkin 0.013 0.57 3.19 0.71 0.90 0.55 0.87 0.95

HP-�ltered quarterly averages over 1000 simulations of 250 quarters; ar { autocorrelation coe�cient; corr {
correlation coe�cient.

Table 1 Moments of the simulated macroeconomic variables

In table 2 we report the moments of the �nancial variables. Two observations are worth noting. First,
as far as the perturbations and loglinear-lognormal approach are concerned the di�erences between the
moments are negligible but still at least of one order of magnitude higher than in case of the macro-
economic variables. And second, there are signi�cant di�erences between the moments for the Galerkin
approach and the rest of the methods, especially in case of the expected risk premium. For the former
the premium is about 1.4 percentage point, whereas for the latter it is less than 1 percentage point. So
there is more than 40% di�erence, which for more extreme calibrations can be much higher in absolute
values. The nonnegligible di�erences are also observed for the standard deviation of the risk-free rate
(5.4 p.p. { 4.7 p.p.), the standard deviation of the dividend growth rate (2.9 p.p { 3.15 p.p) and the
expected dividend/price ratio (4.3 { 4.0). These results are in sharp contrast with Jermann [8] who found
no di�erences between the projection method and loglinear-lognormal approach in his model, but are
supported by the results of Aldrich and Kung [4], who also obtained signi�cant di�erences in asset price
moments for the projection method and the standard perturbation techniques.
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Moments

Method E(R) E(Rf ) E(R � Rf ) D(R) D(Rf ) D(� D ) E(DP ) D(DP ) corr(R; R f )

loglin-lognor 4.44 3.54 0.90 8.34 4.70 3.12 4.04 0.50 -0.50
perturb. 2 4.39 3.43 0.96 8.35 4.65 3.16 3.99 0.49 -0.50
perturb. 3 4.43 3.57 0.86 8.34 4.71 3.17 4.02 0.50 -0.50
perturb. 5 4.41 3.47 0.94 8.34 4.68 3.17 4.00 0.49 -0.50
Galerkin 4.71 3.31 1.40 8.27 5.40 2.88 4.32 0.52 -0.49

Annualized averages in p.p. over 1000 simulations of 250 quarters;E { unconditional mean, D { unconditional
standard deviation, corr { correlation coe�cient, R { stock return, Rf { risk-free rate, � D { dividend growth
rate, DP { dividend/price ratio.

Table 2 Moments of the simulated �nancial variables

5 Conclusion

In the paper using the model proposed by Jermann we have shown that despite the di�erences in accuracy
all the approximation methods generate virtually the same moments of the main macroeconomic variables.
However for the �nancial variables the di�erences between the perturbation method and the projection
approaches are much higher. For moderate parametrization the expected risk premium in the model
approximated by the Galerkin method is about 0.5 percentage point higher than for the perturbation
methods and the loglinear lognormal approach. But it must be made clear that although the projection
methods are considered to be the most accurate we cannot �nd out which method gives the moments
that are closer to the true values in that particular case. Nonetheless these results clearly indicate that
the further research on the solution methods of DSGE models with �nancial variables is needed.

References

[1] Aceda�nski, J.: Solution methods of dynamic, stochastic general equilibrium models. In:Contempo-
rary problems of statistics, econometrics and mathematics(J. Pociecha, ed.), University of Economics
in Krak�ow, Krak�ow, 2009, 7{19 (in Polish).

[2] Aceda�nski, J.: Asset prices and macroeconomic variables in dynamic, stochastic general equilibrium
models. PhD Dissertation, University of Economics in Katowice, 2010 (in Polish).

[3] Adjemian, S., Bastani, H., Juillard, M., Mihoubi, F., Perendia, G., Ratto, M., and Villemot, S.:
Dynare: Reference Manual, Version 4.Dynare Working Papers 1, CEPREMAP.

[4] Aldrich, E., and Kung, H.: Computational methods for production-based asset pricing models with
recursive utility. Mimeo.

[5] Aruoba, S., Fernandez{Villaverde, J., and Rubio{Ramirez, J.: Comparing solution methods for
dynamic equilibrium economies.Journal of Economic Dynamics and Control 30 (2006), 2477{2508.

[6] Heer, B., and Maussner, A.:Dynamic General Equilibrium Modelling. 2nd edition. Springer, Berlin,
2008.

[7] Heer, B., and Maussner, A.: Computation of business cycle models: A comparison of numerical
methods. Macroeconomic Dynamics 12 (2008), 641{663.

[8] Jermann, U.: Asset pricing in production economies.Journal of Monetary Economics 41 (1998),
257{275.

[9] Schmitt-Groh�e, S., and Uribe, M.: Solving dynamic general equilibrium models using a second-
order approximation to the policy function. Journal of Economic Dynamics and Control 28 (2004),
755{775.

Proceedings of 30th International Conference Mathematical Methods in Economics

- 7 -



Rule-of-thumb households in the Czech Republic

Tom�a�s Adam 1, Jarom��r Baxa 2

Abstract. Most modern macroeconomic models assume that households
smooth consumption over their lifetime. However, there is substantial evidence
that a sizable fraction of households faces liquidity constraints, thus the as-
sumption of consumption smoothing is not met. This might be one of the
reasons why the predictions of some models fail, for example those concerning
e�ects of �scal policy on consumption. To overcome this problem, some models
assume that only a part of households (Ricardian households) smooth their con-
sumption and the other part (rule-of-thumb households) consume their whole
current disposable income. This paper estimates the fraction of rule-of-thumb
households in the Czech Republic, based on the modi�ed Euler equation using
instrumental variables (approach by Campbell and Mankiw [4]). Furthermore,
potential time variation in this parameter is investigated using the two-step
strategy proposed by Kim [10] that deals with the endogeneity problem. Our
results suggest that the share of rule-of-thumb consumers exceeds 40%. In ad-
dition, this share is unstable over time, however the decline in the recent years
is puzzling and worth exploring further.
Keywords: consumption, rule-of-thumb households.

JEL classi�cation: E21
AMS classi�cation: 91G70

1 Introduction

The current mainstream macroeconomic models based on microfoundations used for the analysis of
economic policies and for forecasting (RBC and NK DSGE models) use consumption smoothing as one
of their main building blocks. This follows from the assumption that households maximize their lifetime
utility subject to their intertemporal budget constraints. However, it has been shown that the assumption
of consumption smoothing is not met in reality because some households face liquidity constraints or
behave in a myopic way. One way to model the departure from consumption smoothing is to assume that
a fraction of consumers in the economy exhibit a rule-of-thumb behaviour, i.e. they consume their whole
current income instead of their permanent income, as suggested by the theory. Although this is still a
relatively strong assumption, models incorporating rule-of-thumb households give usually more plausible
results than those assuming fully optimizing behaviour only (e.g. [7]).

This is particularly the case of models for analysing �scal policy. It has been shown that both RBC and
New Keynesian models fail to predict the behaviour of consumption following a government spending
shock (e.g. [11]), which has been empirically shown to rise. Incorporating rule-of-thumb households
mitigates this problem. For example, Gal�� et al. [7] show that �scal expansion that increases incomes
of these rule-of-thumb households will have a direct e�ect on their consumption, since it is directly
in
uenced by the current income and not by net present value of all future incomes. Furthermore, when
the share of the rule-of-thumb households is large, �scal policy a�ecting the incomes of rule-of-thumb
households has direct macroeconomic e�ects on the aggregate consumption. Therefore, the consumption
might increase in response to an increase in government expenditures, which is in a sharp contrast to the
predictions given by most of the current RBC and NK DSGE models. Similarly, the presence of rule-
of-thumb households has policy implications for �scal consolidations: their negative e�ects on economic

1Charles University in Prague, Faculty of Social Sciences, Institute of Economic Studies, Opletalova 26, 110 00, Praha
1, e-mail: tomas.adam@ies-prague.org

2 Institute of Information Theory and Automation/Academy of Sciences of the Czech Republic, Department of Econo-
metrics, Pod Vodarenskou vezi 4, 182 08 Prague 8; Charles University in Prague, Faculty of Social Sciences, Institute of
Economic Studies, Opletalova 26, 110 00, Praha 1, e-mail: jaromir.baxa@gmail.com
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growth tend to be more pronounced in economies, where consumption of an important share of households
follows the rule-of-thumb pattern rather than consumption smoothing.

In this paper, we estimate the share of rule-of-thumb households in the Czech Republic using a
two stage least squares regression suggested in [4]. We show that this fraction has been signi�cant,
which suggests that rule-of-thumb behaviour should be taken into account in macroeconomic models.
In addition, we attempt to estimate time-varying share of these households. Our results are however
puzzling in that they show some decline before 2007 but a sharp drop after that, which is not expected.
This issue is subject to future research.

2 Related literature

The life cycle hypothesis and the permanent income hypothesis ([3], [6]) imply that consumers smooth
their consumption over their lifetimes. Both approaches are in a sharp contrast to the theory of con-
sumption by Keynes [9] who claims that the level of current consumption is a function of the current
disposable income only. Instead, the two more recent theories assert that consumers optimize their con-
sumption pro�les intertemporally through their lifetime, taking into account their income pro�les. In
their optimization, consumers regard their consumption in each period as a di�erent commodity and
maximize their lifetime utility, which provides the theory of consumption with solid microfoundations.
The predictions of both, permanent income and life cycle hypotheses, are very similar - the optimization
of a concave utility function leads to consumption smoothing, i.e. one does not want her consumption to

uctuate through time.

The permanent income hypothesis has been widely empirically tested with mixed results ([1] is a good
starting point for a literature survey). For example, Hall [8] �nds an evidence for the modi�ed version of
the hypothesis { i.e. that consumption follows a random walk, if we assume that changing the volume of
consumption is time demanding. That implies that any policy that does not a�ect permanent income is
ine�cient. On the other hand, Campbell and Mankiw [4] claim that permanent income hypothesis can be
rejected. This is because there are two types of consumers { one that behaves optimally and smooths its
consumption over lifetime; the other type consumes its whole current income (due to liquidity constraints,
myopia or unwillingness to participate in �nancial markets). The share of the second type of households
was estimated as highly signi�cant and reached about 0.5 in the USA under various speci�cations. This
means, for example, that additional, even transitory, income will be spent by the second type of households
and thus �scal spending is a plausible means to stimulate output. In his additional paper, Mankiw [12]
summarizes the evidence of rule-of-thumb behaviour, which characterizes particularly households, whose
net wealth approaches zero. As this behaviour is common in the economy, he calls for the inclusion of
rule-of-thumb households into all models analyzing macroeconomic, particularly �scal, policies.

3 Methodology

The share of rule-of-thumb households in an economy is usually estimated using two approaches. The �rst
one was introduced by Campbell and Mankiw [4] as a means of testing the permanent income hypothesis.
The second approach estimates this share as a parameter of a DSGE model (e.g. [5]). The drawback of
the latter approach is that the estimation is sensitive to the speci�cation of the model and priors for the
model’s parameters, thus we will use the �rst approach.

In can be easily shown that the permanent income hypothesis implies that under some weak assump-
tions, consumption follows a random walk. If a fraction � of households is assumed to consume their
whole current disposable income, we arrive at the following modi�ed Euler equation (e.g. [5]):

� ct = � + � � yt + � t (1)

where ct is personal consumption andyt is personal disposable income. Under the permanent income
hypothesis, � should be equal to zero, i.e. change in consumption should follow a random walk.
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3.1 Time invariant estimates

The estimation of the time invariant share of rule-of-thumb households is relatively straightforward and
follows from Equation 1. However, one must bear in mind that this equation is endogenous (� t is correlated
with � yt ) and thus an instrumental variable approach needs to be used. As Campbell and Mankiw
[4] suggest, any lagged variables that help to predict changes in income can be used, since they are
uncorrelated with changes in consumption.

3.2 Time-varying estimates

It is plausible that � is not constant over time ([2], [13]). This is particularly true for the case of the
Czech Republic, which has undergone a process of economic transformation, during which the �nancial
system has changed signi�cantly. Various credit institutions have been set up, earnings have become more
dispersed among the population, both of which have led to changing structure of liquidity constraints
and rule-of-thumb behaviour.

The time-varying � can be estimated in the framework of time-varying regression with endogenous
covariates. A standard Kalman �lter approach cannot be used, so we use a method by Kim [10] to
estimate the share of rule-of-thumb households.

We assume that the parameters in the endogenous regression follow a random walk:
8
><

>:

� ct = � t + � t � yt + et

� t = � t � 1 + u�;t u�;t � N (0; � 2
� )

� t = � t � 1 + u�;t u�;t � N (0; � 2
� )

(2)

Similarly, parameters in the �rst stage are also assumed to follow random walks:
(

� yt = z0
t � t + � v v�

t

� t = � t � 1 + u�;t u�;t � N (0; � 2
delta )

(3)

The endogeneity in the regression is assumed to have the following form:
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(4)

Then a relatively straightforward procedure can be used (see [10] for its derivation):

� Step 1: Estimate a time-varying equation � t = z0
t � t + � v v�

t using Kalman �lter, obtain v�
t jT

� Step 2: Estimate an adjusted time-varying equation: �c t = � t + � t � Yt + � e�v �
t jT + ! t

4 Data

Two main variables - consumption and income - in Equation 1 had to be chosen. We use consumption
of non-durable goods and services as a variable representing consumption. This variable has been down-
loaded from the Czech Statistical O�ce. Next, we use GDP as the variable for income. GDP is only a
proxy and it has been chosen because the variable on disposable income has been constructed only since
2007 by the CZSO1.

The time series are de
ated by consumption / GDP de
ator and are transformed to logarithmic per
capita values. Lagged changes in the two variables, along with changes in 3 month money market rates
are used as instruments. In addition, we use an error correction termct � 2 � yt � 2 of log real per capita
values as an instrument.

1A similar variable was published by the Czech National Bank but it is not constructed any more. Unfortunately, the
methodology for the two di�ers and they are not comparable
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5 Results

5.1 Time invariant share

Several instruments have been used to account for endogeneity in Equation 1: lagged changes in real per
capita consumption, income, interest rates and �nally an error correction term ct � 2 � yt � 2. As Campbell
and Mankiw [4] argue, variables at least at two lags should be used to prevent autocorrelation in the
results, thus we follow this advice.

Based onR2 from the �rst stage, the models reported in Table 1 are used for the estimation. The
reported data in Table 1 are estimated on the sample ending in 2007Q4. This is because the development
of GDP growth in the period of �nancial crisis was hardly predictable using macroeconomic data and
including the mentioned data could distort our results.

Model Instruments n R2 F

IV(1) � yt � 2 : : : � yt � 4 43 0.52 15.6
IV(2) � yt � 2 : : : � yt � 6 41 0.47 7.5
IV(3) � yt � 2 : : : � yt � 4; � ct � 2 : : : � ct � 4; ct � 2 � yt � 2 43 0.53 7.88
IV(4) � yt � 2 : : : � yt � 4; � ct � 2 : : : � ct � 4; � i t � 2 : : : � i t � 4; ct � 2 � yt � 2 43 0.55 6.2

Table 1: Adjusted R2 and F statistics from the �rst stage

The second stage results reported in Table 2 suggest that the share of rule-of-thumb households has
been signi�cant during the period under consideration. The estimates vary among the four considered
models and range from 0.38 to 0.59. This is in line with the results for other countries. For example, [4]
have estimated this share to be 0.5 for the US and 0.4 in Italy. Similarly, [5] estimate this share to be
0.37 in their DSGE model of the eurozone. Also, a dummy variable indicating the �nancial crisis period
was added as an explanatory variable but the results have not changed much (thus they are not reported
in the table).

OLS n IV(1) IV(2) IV(3) IV(4)

1996Q1 - 2011Q4 0.24 63 0.59 0.49 0.38 0.43
1996Q1 - 2007Q4 0.41 47 0.85 0.7 0.81 0.81
1998Q1 - 2011Q4 0.24 56 0.41 0.37 0.34 0.33
1998Q1 - 2007Q4 0.44 40 0.39 0.15 0.41 0.32

Table 2: Estimated share of rule-of-thumb households (� ) using 2SLS

In contrast, the results vary when the models are estimated on three subsamples - the pre-crisis
period, the period starting in 1998Q1 and the period 1998Q1-2007Q42. The varying results point to the
instability of the share and suggest that the share has fallen after 2008, which is a puzzling result (one
would expect the share to increase due to deteriorating credit conditions) worth further investigation.
The �rst explanation might be that the fall in income was expected to be only short-lived, thus the
households did not consume so much less as implied by the change in income (this would be in line with
the permanent income hypothesis). The second explanation might be a misspeci�cation of the model or
problems connected with the de�nition of the variables. Both possibilities will be explored in our further
research.

5.2 Time-varying share

The puzzling result from the previous section, i.e. the fall in the share, is con�rmed also using the time-
varying model estimated using the approach by [10]. The results tend to be in line with the permanent
income hypothesis since around 2007. This is in contrast with the evidence, i.e. the deteriorating credit
conditions of households.

2Statistical signi�cance of instability of the estimates was con�rmed also by CUSUM and CUSUM-SQ tests.
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Figure 1: Time-varying share of rule-of-thumb households in the Czech Republic (1997Q2 - 2011Q4)

6 Conclusion

In this paper, we have discussed the importance of incorporating rule-of-thumb behaviour of consumers
into macroeconomic models and we have performed both time-invariant and time-varying estimation of
the share of rule-of-thumb households. Our results suggest that the permanent income hypothesis is
rejected in the Czech economy due to a signi�cant share of rule-of-thumb households. However, the
results point to a decline in the recent years, which is not a very plausible result due to deteriorating
credit conditions of households. In our future work, we will try to �nd factors that are behind this decline
and �nd a credible robust estimate of the share that could be used in macroeconomic models.
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Application of Cooperative Game Solution Concepts
to a Collusive Oligopoly Game

David Bartl 1

Abstract. An oligopoly is a market where a couple of large producers supply
some goods. If the oligopoly is collusive, the producers form coalitions. Then,
within each of the coalitions, the producers wish to divide their total pro�t
among themselves. They could use a cooperative transferable utility game so-
lution concept, such as the core, if the game were in the coalitional form. This,
however, is not the case. In this paper, we propose an approach to overcome
that di�culty: converting the collusive oligopoly into the partition function
form, we show how the known cooperative game solution concepts (core, bar-
gaining set) can be applied to that game. Actually, the proposed approach is
suitable not only for a collusive oligopoly, but, under some assumptions, for
any cooperative strategic form game.
Keywords: cooperative games, partition function form games, solution con-
cepts, core, bargaining set.

JEL classi�cation: C71, L13
AMS classi�cation: 91A12

1 Introduction

Let us consider a game in thestrategic (or normal ) form : let N = f 1; : : : ; ng be the set of theplayers,
let X 1, . . . , X n be the strategy spacesof the players, and let F1, . . . , Fn be their payo� functions . Each
X j is a non-empty set and eachFj is a real function de�ned on the Cartesian product X 1 � � � � � X n .

For a player j 2 N , the set X j consists of all the decisions (calledstrategies) which the player j can
make. At a moment, each of the playersj 2 N picks up a strategy x j 2 X j and receives the amount of
Fj (x1; : : : ; xn ) of some utility (such as money).

An example of a game in the strategic form is anoligopoly. It is a market where a couple of large
producers supply some goods. Each of the producers has enough power to in
uence the market by its
decisions. We shall describe theCournot model [3] of an oligopoly here. LetN = f 1; : : : ; ng be the set
of the oligopolists. They supply one kind of some goods, product or commodity (such as metal, grain,
oil, etc.). For j 2 N , let L j > 0 be the production limit of the oligopolist j , i.e. the maximum amount
of the goods the oligopolist is able to supply to the market. ThenX j = h0; L j i , a closed interval, is
the oligopolist’s strategy space. Now, each of the oligopolists decides to supply some amountx j 2 X j
of the goods to the market. Hence, the total supply of the goods iss =

P n
j =1 x j . Then an internal

mechanism of the market, which e�ects so that the market clears (the supply equals the demand for
the goods), establishes the pricep(s) per a unit of the goods. The function p is the price (or inverse
demand) function of the oligopoly. The price function p is a real function de�ned on the closed interval
h0; L i where L =

P n
j =1 L j is the maximum total supply of the goods to the market. Then x j p(s), the

supply multiplied by the unit price, is the revenue of the oligopolist j . However, the oligopolist faces some
production costs connected with the supply of the amountx j of the goods. The oligopolist’s production
costs arecj (x j ) where cj is the cost function of the oligopolist j . The cost function cj is a real function
de�ned on the interval X j = h0; L j i . Finally, the oligopolist’s net pro�t is Fj (x1; : : : ; xn ) = x j p(s) � cj (x j )
for j 2 N where s =

P n
j =1 x j .

Given a strategic form game (oligopoly), we say that [x �
1; : : : ; x �

n ] 2 X 1 � � � � � X n is a point of
the Nash equilibrium i�, for each j 2 N , it holds Fj (x �

1; : : : ; x �
j � 1; x j ; x �

j +1 ; : : : ; x �
n ) � Fj (x �

1; : : : ; x �
j � 1;

1University of Ostrava, Faculty of Science, Department of Mathematics, 30. dubna 22, 701 03 Ostrava, Czech Republic,
e-mail: bartl@osu.cz
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x �
j ; x �

j +1 ; : : : ; x �
n ) for all x j 2 X j . The Nash equilibrium is also termed theCournot equilibrium or the

Cournot-Nash equilibrium if the strategic form game under consideration is a Cournot oligopoly.

Let us assume the given strategic form game (oligopoly) is non-cooperative in the following sense:
(A) each player j chooses the decisionx j 2 X j independently of the other players and, at the same time,
maximizes own pro�t Fj (x1; : : : ; xn ), disregarding the payo�s of the remaining players; (B) if the situation
has \settled down", i.e., is in a Nash equilibrium, then the players do not react at all (or react very slowly)
if only one of them tries to change the equilibrium state; as the player’s payo�Fj does not increase, the
player who tried to change the situation is returned back to the equilibrium state. Provided these two
assumptions (A) and (B) are satis�ed and the game has exactly one point of the Nash equilibrium, let us
assume that the situation arrives there. Then, if we manage to �nd the unique point [x �

1; : : : ; x �
n ] of the

Nash equilibrium, we shall also know the individual payo�s Fj (x �
1; : : : ; x �

n ), which the players will receive.

The question whether a point of the Nash equilibrium exists is addressed by the original papers
of Nash [11, 12], by the classical paper of Nikaidô and Isoda [13], or by more recent papers, e.g. [14].
Conditions for the existence and uniqueness of the Cournot equilibrium can be found, e.g., in the papers
[8, 5]. (See also [4].) Especially interesting are the papers of Szidarovszky and Yakowitz [16, 17] and the
book [15].

Now, let us consider that the given strategic form game is cooperative (the given oligopoly is collusive).
That is, the players form coalitions. A coalition is any subset of the set of the playersN . Let S = f j 1; : : : ;
j n S g � N be a coalition which has emerged. The membersj 1, . . . , j n S of the coalition coordinate their
decisions in order to maximize their total payo�. Naturally, the coalition’s strategy space X S comprises
the Cartesian product X j 1 � � � � � X j n S

; when the players choose a strategy from the Cartesian product,
the total payo� FS of the coalition is the sum

P
j 2 S Fj of the individual payo�s of its members. However,

the strategy spaceX S may contain yet additional strategies, which are not in the Cartesian product, i.e.,
they are feasible only if the players join because a single player or a smaller group of the players may not
have enough power to realise those decisions.

The situation simpli�es if the considered cooperative game is a collusive Cournot oligopoly. Given
a coalition S = f j 1; : : : ; j n S g � N , the oligopolists j 1, . . . , j n S simply join their production capacities
so that the coalition’s strategy spaceX S reduces to the closed intervalh0; L S i where L S =

P
j 2 S L j .

When the coalition decides to supply some amountxS 2 X S of the goods to the market, the oligopolists
j 1, . . . , j n S will allocate their production to their most e�cient plants. Hence, the coalition’s cost function
cS is calculated ascS (xS ) = min

� P
j 2 S cj (x j ) :

P
j 2 S x j = xS with x j 2 X j for j 2 S

	
, provided that

the minimum exists. Therefore, the coalition’s net pro�t is FS = xSp(s) � cS (xS ) where s is the total
supply of the goods to the market.

It is de�nitely beyond the scope of this paper to study the process of the formation of coalitions.
Following [10], we shall simply assume that a coalition structure will \crystallize". A coalition structure
is any partition of the set N . In other words, a coalition structure is a collection S = f S1; : : : ; S� g of
coalitions such that

S �
� =1 S� = N and S� 0 \ S� 00 = ; i� �0 6= �00for all �0; �00= 1, . . . , � .

Thus, we obtain another strategic form game where the set of the players is the set of the estab-
lished coalitions S = f S1; : : : ; S� g, their strategy spaces areX S1 , . . . , X S� and their payo� functions are
FS1 , . . . , FS� . It is quite natural to assume that, in this game, the coalitions will behave in a mutually
non-cooperative way, making the above assumptions (A) and (B) hold. Hence, if there exists exactly
one point [x �

S1
; : : : ; x �

S�
] of the Nash equilibrium in the game, the total payo�s FS�(x �

S1
; : : : ; x �

S�
) of the

coalitions can be determined for� = 1, . . . , � .

Now, let the membersj �; 1, . . . , j �;n � of an established coalitionS� = f j �; 1; : : : ; j �;n � g 2 S wish to divide
their total pro�t FS� among themselves. If the game were in the coalitional form (see Section 3), then the
members could use, e.g., the concept of the core [7], the bargaining set [10], or another transferable utility
(TU) game solution concept. That, however, is not the case: the cooperative game under consideration
is in the strategic form.

In this paper, in order to apply TU-game solution concepts to the given cooperative strategic form
game, we propose the following approach: First, to convert the cooperative strategic form game into
the partition function form (Section 2). And, then, to apply cooperative TU-game solution concepts to
the partition function form game (Section 3). The approach proposed here extends and generalises the
author’s earlier idea which originally appeared in [1].
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2 Conversion of a cooperative strategic form game into a partition function
form game

Let N = f 1; : : : ; ng be the set of the players. LetS be the set of all coalition structuresS that the players
can form. Recall that a partition function form game , in the famous sense of Thrall and Lucas [18], is
given by a partition function F which is de�ned on the set of all coalition structures S and, to each
coalition structure S 2 S , it assigns a function FS : S ! R. For a coalition S 2 S, the value FS(S) is the
total payo� that the established coalition S will receive.

Given a cooperative game in the strategic form, it is easy to convert it into the partition function form:
Let S = f S1; : : : ; S� g 2 S be a coalition structure, which the players have formed. LetX S1 , . . . , X S�

and FS1 , . . . , FS� be the strategy spaces and the payo� functions, respectively, of the coalitions. Let us
assume that, for any coalition structure S 2 S , there exists exactly one Nash equilibrium in the game
among the coalitions. Let [x �

S1
; : : : ; x �

S�
] 2 X S1 � � � � � X S� be the unique point of the Nash equilibrium.

We put FS(S� ) = FS�(x �
S1

; : : : ; x �
S�

) for � = 1, . . . , � . The conversion has been described thus.

The assumption of the existence and uniqueness of the Nash equilibrium for any coalition structure
S 2 S can be seen quite restrictive. However, it can be met in the case of a Cournot oligopoly for example.
It is not di�cult to show [16, 17, 15] that if the price function p of the oligopoly is linear and decreasing
(so p(s) = as + b for some a < 0 and b > 0) and the oligopolists’ cost functions cj are non-increasing
and convex, then the oligopoly possesses exactly one Cournot equilibrium. Moreover, it is an exercise to
show that if the cost functions cj are convex, then, for any coalitionS � N , the coalition’s cost function
cS (xS ) = min

� P
j 2 S cj (x j ) :

P
j 2 S x j = xS with x j 2 X j for j 2 S

	
is also convex. Hence, there exists

a unique Cournot equilibrium for any coalition structure S 2 S in the non-cooperative oligopolistic game
among the coalitions.

3 Application of Cooperative TU-Game Solution Concepts to a Partition
Function Form Game

Let us consider a cooperative game with transferable utility (TU) in the coalitional form : Let N =
f 1; : : : ; ng be the set of the players. Acoalition is any subset of the set of the players. ThenP(N ) = f S :
S � N g, the potency set of the setN , is the collection of all coalitions which can be formed. Finally, let
v : P(N ) ! R with v(; ) = 0 be the coalitional (or characteristic) function of the game.

When a coalition S � N is formed, it receives the amount ofv(S) units of some utility. It is assumed
here that the utility is transferable, that is, the members of the coalition S can divide the amount among
themselves.

Let us consider that the players have formed a coalition structureS = f S1; : : : ; S� g. Then v(S� ) is
the payo� that the coalition S� receives for� = 1, . . . , � . Now, the question, which the cooperative game
theory studies, is how will the members of the coalitionsS� divide their payo�s v(S� ) among themselves.

The division of the pro�t among the players is described by the payo� vector. A payo� vector is any
n-tuple a = [ a1; : : : ; an ] 2 Rn . The number aj stands for the amount which is allotted to the player
j 2 N .

Several solution concepts { such as the core [7] or the bargaining set [10] { were proposed to address the
question. Recall that a solution concept is a mapping that, to a given coalitional function v : P(N ) ! R
with v(; ) = 0 and a given coalition structure S, assigns a set of payo� vectors; sometimes, it assigns
a collection of sets of payo� vectors or just a single payo� vector (in the case of the von Neumann-
Morgenstern solution or the Shapley value, respectively; we shall not deal with these solution concepts
in this paper).

Here, given a coalition structure S, we would like to apply those solution concepts to a partition
function form game F. In the following, we shall recall and contemplate the solution concept of the core
and that of the bargaining set.

Given a coalitional function v : P(N ) ! R with v(; ) = 0 and a coalition structure S = f S1; : : : ; S� g,
the core of the game is the setC =

�
a 2 Rn :

P
j 2 S�

aj = v(S� ) for S� 2 S and
P

j 2 S aj � v(S) for all
S 2 P(N ) n S

	
.
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Now, given the coalition structure S = f S1; : : : ; S� g, as above, and recalling the motivation stated
in the Introduction, let us apply the concept of the core to a partition function form game F. We can
indeed formulate the equalities that are a part of the description of the core: let

P
j 2 S�

aj = FS(S� ) for
S� 2 S. The equalities mean that each of the established coalitionsS� divides all its pro�t v(S� ) among
its members. Nonetheless, how about the inequalities

P
j 2 S aj � v(S) for S 2 P(N ) n S? Do we need

the inequalities { what do they mean?

The inequalities
P

j 2 S aj � v(S) for S 2 P(N ) nS are the conditions of group stability. Let us consider
a coalition S 2 P(N ) n S. That is, the coalition does actually not exist, but could potentially be formed.
Should the respective inequality not hold, so we would have

P
j 2 S aj < v (S), then the coalition S would

have a good reason to form because its total payo�v(S) will be higher that the present total payo�P
j 2 S aj of its members. That is, if

P
j 2 S aj < v (S), then the present coalition structure S is instable

and the new coalition S will emerge.

Let us continue that thoughts: When the new coalition S 2 P(N ) n S emerges, what happens with
the coalition structure S? We assume that a new coalition structureSS , containing S, will form shortly
after the emergence of the coalitionS. Which particular coalition structure SS 2 S will form, i.e., which
coalitions it will contain, depends on the chosen approach. In this paper, we mention the
 -approach and
the � -approach of Hart and Kurz [6].

If we assume the 
 -approach, then the new coalition structure will be SS = f Sg [ f S� 2 S :
S� \ S = ; g [ f f j g : 9S� 2 S: j 2 S� n S g. In words, the new coalition structure SS contains the
new coalition S, all the formerly established coalitionsS� 2 S not a�ected by the departure ( S� \ S = ; ),
but the other coalitions (S� \ S 6= ; ) split into singletons f j g.

If we assume the � -approach, then the new coalition structure will be SS = f Sg [ f S� n S :
S 6� S� 2 Sg. In words, the new coalition structure SS contains the new coalition S, all the formerly
established coalitionsS� 2 S not a�ected by the departure ( S� \ S = ; ), but the remaining non-empty
parts S� n S of the other coalitions (S� \ S 6= ; ) stay intact.

Now, it is easy to formulate the conditions of group stability for the partition function form game F and
the established coalition structureS. We write

P
j 2 S aj � FSS (S) for S 2 P(N )nS. To conclude, we de�ne

the core of the partition function form game F with respect to the coalition structure S = f S1; : : : ; S� g
to be the set C =

�
a 2 Rn :

P
j 2 S�

aj = FS(S� ) for S� 2 S and
P

j 2 S aj � FSS (S) for all S 2 P(N ) n S
	

.

Note that, in the de�nition of the core, the payo�s FSS (S0) of the other coalitions S0 2 SS n f Sg from
the new coalition structure SS are immaterial to us. However, when a coalitionS 2 P(N ) n S departs,
neither the original de�nition of the core of a coalitional form game considers what happens with the
payo�s of the other coalitions.

We shall deal with the concept of the bargaining set in the rest of this section. We shall recall the
concept of the imputation, objection, and counterobjection �rst.

Let a coalitional function v : P(N ) ! R with v(; ) = 0 and a coalition structure S = f S1; : : : ; S� g
be given. Then the set of theimputations of the game is the setX =

�
a 2 Rn :

P
j 2 S�

aj = v(S� ) for
S� 2 S and aj � v(f j g) for all j 2 N

	
. As above, the equalities

P
j 2 S�

aj = v(S� ) mean that each of the
established coalitionsS� divides all its pro�t v(S� ) among its members. The inequalitiesaj � v(f j g) are
the conditions of individual rationality . For a j 2 N , the one-player coalition f j g does actually not exist
(unless f j g 2 S), but, if aj < v (f j g), i.e., the player j receives less than the player can obtain by forming
own independent coalition, then the present coalition structure S is instable and the coalition f j g will
emerge.

Consider two distinct players k; l 2 S� 2 S, k 6= l , from an established coalitionS� . Let a 2 X be an
imputation under the consideration.

An objection of the player k against l at the imputation a is a pair (K; b) where K � N is a coalition
such that k 2 K =3 l and b 2 RK is such that

P
j 2 K bj = v(K ) and bj > a j for all j 2 K . That is, the

coalition K does actually not exist, but has the potential to form because all its new members will receive
higher payo�s than under the current division a of the pro�t. Note that the concept of the objection
does not concern with the payo�s of the players outside the coalitionK if the coalition separates.

A counterobjection of the player l to the objection (K; b) of k against l at a is a pair (L; c) where
L � N is a coalition such that l 2 L =3 k and l 2 RL satis�es

P
j 2 L cj = v(L ) with cj � bj for all

j 2 L \ K and cj � aj for all j 2 L n K . So, it is assumed now that the coalitionK has really emerged.
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The coalition L does not actually exist, but again has the potential to form because the members fromK
as well as the new members from outsideK will receive the same or higher payo�s than under the current
division b or a, respectively, of the pro�t. Note that neither the concept of the counterobjection concerns
with the payo�s of the players outside the coalition L if it forms.

We say that an objection is justi�ed i� there is no counterobjection to it. Finally, the bargaining set
is the set of all imputations a 2 X such that there does not exist any justi�ed objection at a. That is,
the bargaining set is the setM i

1 = f a 2 X : 8S� 2 S 8k; l 2 S� ; k 6= l; 8(K; b), (K; b) is an objection of
k against l at a, 9(L; c), (L; c) is a counterobjection of l to (K; b) of k against l at a g.

Now, having understood the concept of the core earlier, it is easy to restate the above de�nitions
in the setting of a partition function form game F. Let S = f S1; : : : ; S� g be the established coalition
structure. Recall that SS denotes the coalition that will form if the coalition S 2 P(N ) n S decides to
depart. We can adopt several approaches (such as the
 -approach or the � -approach) to de�ne SS . (We
put SS = S if S 2 S.)

We de�ne the set of the imputations to be the set X =
�

a 2 Rn :
P

j 2 S�
aj = FS(S� ) for S� 2 S and

aj � FSf j g (f j g) for all j 2 N
	

.

Let k; l 2 S� 2 S, k 6= l , be two distinct players from an established coalition and leta 2 X be an
imputation. We de�ne an objection of the player k against l at the imputation a to be a pair (K; b) where
K � N is such that k 2 K =3 l and b 2 RK is such that

P
j 2 K bj = FSK (K ) and bj > a j for all j 2 K .

And we de�ne a counterobjection of the player l to the objection (K; b) of k against l at a to be a pair
(L; c) where L � N is such that l 2 L =3 k and c 2 RL satis�es

P
j 2 L cj = F(SK )L (L ) with cj � bj for all

j 2 L \ K and cj � aj for all j 2 L n K .

Finally, we de�ne the bargaining set to be the set of all imputations a 2 X such that there does not
exist any justi�ed objection at a, i.e., to be the set M i

1 = f a 2 X : 8S� 2 S 8k; l 2 S� ; k 6= l; 8(K; b),
(K; b) is an objection of k against l at a, 9(L; c), (L; c) is a counterobjection of l to (K; b) of k against l
at a g.

4 Conclusions

We considered a cooperative game in the strategic form. The classical solution concepts (the core, the
bargaining set, etc.), being de�ned for coalitional form games, cannot be applied to that game directly.
Therefore, under the assumption of the existence and uniqueness of the Nash equilibrium, we proposed
in Section 2 to convert the cooperative strategic form into a partition function form game.

We noted in Section 2 that if the price function of a Cournot oligopoly is linear and decreasing and the
cost functions of the oligopolists are convex and non-increasing, then there exists exactly one Cournot
equilibrium, whence the proposed conversion is possible. (See also [9].) It is a motivation of further
research to �nd more general conditions under which there exists (exactly one) Cournot equilibrium in
the oligopoly.

In Section 3, we showed how to apply the concept of the core and that of the bargaining set, which are
de�ned for coalitional form games, to a partition function form game. Consequently, they can be applied
to the original cooperative strategic form game (under the assumption of the existence and uniqueness
of the Nash equilibrium), such as the collusive Cournot oligopoly.

For the lack of the space, we did not deal with other popular solution concepts (the von Neumann-
Morgenstern solution, the kernel, the nucleolus, or the Shapley value) in Section 3. They could be applied
analogously.

Note that if the considered partition function form game F is the result of the conversion of a cooper-
ative strategic form game, if S = f N g, i.e., the coalition structure contains only the grand coalition of the
players, and if we assume the
 -approach, then our de�nition of the core of the partition function form
game yields precisely the concept of the
 -core of Chander and Tulkens [2]. Nonetheless, our approach is
more general in the sense that we de�ne the core forany coalition structure S.

Actually, it was essential for the conversion described in Section 3 to decide upon the approach which
coalition structure SS will form when a coalition S 2 P(N ) n S departs from S. The application of the

 -approach, the � -approach, etc., results in the concept of the
 -core, the � -core, etc., the concept of the
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 -bargaining set, the � -bargaining set, etc., etc. While our concept of the
 -core is more general than
that of [2], as already mentioned, the concept of the
 -bargaining set or the � -bargaining set is, according
to the author’s best knowledge, new.
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Use of the three-point PERT estimate  
in Critical Chain method 

Jan Bartoška1, Tomáš Šubrt2 
Abstract. The paper proposes the stochastic modification of the Critical Chain 
method. The authors design new computation procedure for time buffers with the 
use of the three-point PERT estimate. The proposed procedure in Critical Chain 
method reflects the human factor in scheduled tasks. The original Goldratt time 
estimate purging works with 50% purging for all tasks in the project. However the 
tasks in the project are usually of various kinds with different dependency on human 
factor. There should be a relevant value of concealed time reserve for each concrete 
task.  Within real projects the three-point PERT estimate is often adapted to suit 
specific requirements and project needs. Possible modification of the three-point 
PERT estimate offers many options which incorporate the human factor into the 
projects. Usually, only the pessimistic and the optimistic parameters of the three-
point PERT estimate are precisely set. The pessimistic and optimistic parameters can 
be used for the estimate of a concealed time reserve. The concealed time reserve is 
needed for the time estimate purging within the Critical Chain method. The correct 
time estimate purging with various concealed time reserve for each task can bring 
saving costs of the project. The handling of human factor is still an important issue 
in project management. 
 

Keywords: project management; Critical Chain method; thee-point PERT Estimate; 
concealed time reserve; time estimate purging; work effort; Student Syndrome. 
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1 Introduction 
Even after the first decade of the twenty-first century it is evident that still many projects exceed their deadlines 
and their budgets. The impact of human factor on every project and its objectives is indisputable. And it is the 
human factor that is a frequent denominator of evident or hidden causes of project failure. Applying international 
standards (such as PMI, IPMA, and Prince2) in project management restricts human factor influence to some 
degree or in a certain phase of the project only. Not even thorough application of the latest mathematical 
methods and approaches leads to an essential elimination of the human factor impact. The methods or 
approaches are still unable to capture the human factor impact. The methods which can enable work with the 
human factor impact are the PERT method and Critical Chain method. In specialist literature, both methods are 
constantly developed and modified, particularly in [1], [6], [8], [9], [12], [13], [14] or [15].  

Deficiencies and possible modifications of a commonly used approach for the computation of the mean value 
and time estimate dispersion in PERT method is discussed for instance in [8] and [13]. The author of [8] 
however, deals with the use of rectangular beta distribution and its possible advantages for application.  Another 
approach to the modification of a current way of computation using PERT method is offered by [13] who 
proposes his own way of mean value approximation and time estimate dispersion and compares them with the 
existing ways.  Both articles work with mathematical apparatus only and propose the modification of either beta 
distribution or the mean value and dispersion computation. In their results, the above-mentioned articles do not 
directly offer the impact of the human factor in determining the duration time estimate. The way of application 
and possible modification of the PERT method is further dealt with in for example [1], [6] or [12]. A key 
element in the PERT method is its three-point estimate which relies on a presupposed beta distribution of 
individual activity duration time. In practice there exist a number of application alternatives for three-point 
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estimate without a more profound theoretical framework although the use of the three-point estimate 
presupposing the beta distribution even in other project management methods and approaches is at hand. The 
benefit of the three-point estimate consists in the incorporation of the human factor impact into activity duration. 
The estimate of optimistic and pessimistic duration presents and always will present particular and unequivocal 
information about the difficulty of the task and presupposed effort of an allocated resource. There are many 
articles either directly or indirectly dealing with the human factor impact on the project realization; however the 
articles do not look for solutions or do not incorporate them in their proposals.  In projects the human factor 
impact can be seen as “Student Syndrome” phenomenon. The “Student Syndrome” is discussed for example in 
[5] and [10]. The phenomenon was one of the basic conditions for Critical Chain method in [7] or also in [5]. 
The deficiencies of the Critical Chain method are particularly discussed in Raz et al. [14] who stress its 
contribution and encourage its further development. However, the combination of the three-point PERT estimate 
and Critical Chain method is discussed only by few. 

The following text of the article focuses on the modification of a concealed time reserve and its use for 
modified computation of time buffers in the Critical Chain method. The article aims to propose the way of three-
point estimate use in the Critical Chain method in order to eliminate the impact of the human factor.  

2 Material and methods 

2.1 Three-point estimate modification 
In article [2], authors Bartoška and Šubrt deal with the modification of the three-point PER estimate. A proposed 
modification proceeds from the human factor influence in project management and lies in shifting a duration 
distribution peak towards a pessimistic or optimistic estimate. The precondition of the proposal is a variable 
duration distribution peak for variable work effort. Another approach to the PERT method modification is 
discussed for example by Hanh [8] or Premachandra [13].  In article [2] the shifting of the duration distribution 
peak is enabled by a proposed mean value computation. The proposal is based on the elimination of a mode 
value, i.e. an estimate value of the most frequent activity duration. The shifting direction is determined by a 
proposed � parameter with the range of values (0; +�). The parameter expresses the impact of the human factor, 
i.e. “Student Syndrome” on activity duration distribution. Bartoška and Šubrt [2] mention that the more the 
resource succumbs to the “Student Syndrome”, the more an activity duration distribution peak shifts towards a 
pessimistic estimate. The resource’s succumbing to the “Student Syndrome” does not change in a short span of 
time. The pertinence of the mode estimate, i.e. the position of a distribution peak, will depend on the level of 
resource’s self-criticism which is not taken into account in the PERT method.  If the resource knowingly or 
unknowingly sets the modal parameter in a way different from reality or long-term experience, there will be an 
imprecise mean value estimate of the duration, which can jeopardize the whole project. To a certain degree, the 
pertinence of the most frequent activity duration estimate also determines the delay of the activity as well as the 
delay of the project. Verifying the plausibility and correctness of the duration mode estimate can be an uneasy 
and impossible task for a project manager. If the project manager has enough information and experience with 
the resource, s/he can make a better estimation of an activity duration distribution peak than the resource. Unlike 
the resource, the manager does not succumb to the subjectivity of a resource allocated to the activity. Article [2] 
therefore proposes the modification of the three-point estimate of activity duration not using a modal value: 

ij ij ij
ij

ij

b a
1

g
m

g
+

=
+

 (1) 

where parameters bij and aij in formula (1) are pessimistic and optimistic estimates of activity duration, and 
parameter �ij is the level of the “Student Syndrome” influence on an allocated human resource in the activity. 
The project manager can set the value of parameter �ij in the range of (0; +�) and determine an activity duration 
distribution peak. A very low value of parameter � presents the state where the “Student Syndrome” has nearly 
no influence and the mean value of activity duration approaches an optimistic estimate. An extremely high value 
of parameter � expresses absolute influence of the syndrome where the mean value of the activity duration 
approaches a pessimistic estimate. The more the value of parameter � approaches 0, the more the resource is 
knowledgeable in his/her work effort and vice versa. The parameter �, proposed in article [2], can be further 
interpreted as an estimate coefficient for maximum load of the resource during activity realization.  
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2.2 Individual time estimate purging 
In his work [3], Bartoška deals with the modification of the present Critical Chain method modification using a 
wider interpretation of the PERT method beta distribution parameters. The Critical Chain method, discussed 
particularly by Goldratt [7] or also Leach [10], requires time purging for individual activities. Bartoška [3] 
proposes the purging of particular activities individually according to their character and the character of their 
resources. The determination of the three-point estimate parameters for each activity in the project takes place by 
way of questions and answers between the project manager and a responsible resource. When estimating the 
parameters, a worker responsible for the activity, i.e. a resource or resource team, succumbs to the “Student 
Syndrome”.  This phenomenon, expected in the resource’s behaviour, will have influence on the estimate of the 
most frequent duration (mij) and the values of pessimistic duration (bij) of the activity. While for mij value 
estimate the resource proceeds especially from his or her experience and historical data and facts, for bij value 
estimate the resource succumbs more to his or her expectations. This can be explained by the fear of possible 
failure and effort to gain time reserve for the activity the resource is responsible for. When estimating mij value, 
there exists “Student Syndrome” impact from the viewpoint of the experience obtained by the investigator during 
his or her practical training only. It can be referred to as concealed influence of the phenomenon.  When 
estimating bij value, there exist “Student Syndrome” influence from the expected behaviour of a future 
investigator only, i.e. it can be referred to as a direct influence of the phenomenon.  If the human factor 
influence, i.e. “Student Syndrome”, is incorporated in reducing former given activity duration, based on the 
three-point estimate of arbitrary project activity, a purging value (pij) can be determined as follows:  

ij ij
ij

ij

b m
p

b
-

=  (2) 

The derived expression (2) in [3] presents the share of a concealed time reserve of the investigator in a total 
activity duration ij. The computed value (pij) can be used for activity duration purging (tij) as follows [3]: 

( )ij ij ijt́ 1 p t= -  (3) 

The precondition for direct shortening of the former activity duration by a particular value is the occurrence 
of a concealed time reserve of the investigator, which can be expressed as difference between pessimistic time 
estimate (bij) and the most frequent time estimate, or modem (mij). The concealed time reserve of the investigator 
in relation to the pessimistic time estimate (bij) expresses time overlap which, in most cases, is not duly used by 
the resource. The concealed time reserve can be expressed as follows:  

ij ij ijr b m= -  (4) 

The investigator increases the time estimate by the concealed time reserve which is not used in the end. In 
practice, this feature is common and is stressed by a right-sided asymmetry in applied PERT method beta 
distribution. Using the three-point estimate in the Critical Chain method, feeding buffers and a project buffer can 
be computed taking into account the variety of individual activities, i.e. a greater concern for the human factor 
influence on individual activities, and consequently in the project as a whole [3]. 

3 Results and Discussion 

3.1 Individual time estimate purging modification 
The three-point estimate modification offers the computation of an activity duration mean value without the use 
of modal value. The activity duration beta distribution peak in proposal [2] will vary depending on the character 
of the resource and it will be dependent on the human factor influence. The most frequent activity time estimate 
(mij), which is the distribution peak value, is represented in the computation of an activity duration mean value 
by parameter �ij.  Therefore it is convenient to modify the computation of a concealed time reserve as well, 
because in the modification we give up the mode value in favour of reducing human factor influence. Instead of 
a mode value it is necessary to select other characteristics of the position which would unequivocally express the 
midpoint of the aggregate. Suitable characteristics are in this case the mean value of activity duration (1). The 
mode and mean value can differ and they can both express the midpoint of the aggregate in a different 
interpretation. Mode (mij) is the most frequent activity duration value. The mean value represents 50% activity 
duration. Such precondition is theoretical and not always valid in practical project management and for the 
application of the following proposal it needs to be verified. Of the above-mentioned interpretations the mean 
value (�ij) appears to be a more precise middle parameter.  Even in his original recommendation, Goldratt [7] 
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mentions exactly 50% for activity duration purging. However, due to the asymmetry of beta distribution, the 
final purging (pij) will correspond to 50% value in several cases only. The duration will be purged by 50% 
observation, not 50% value. The impact of the human factor can be expressed as a concealed time reserve as 
follows (3): 

ij ij ijr b m= -  (5) 

where rij value is a reserve added by a resource and the value of possible activity duration purging. By 
substituting (1) for (5) the computation of the concealed time reserve can be derived as follows:  

ij ij
ij

ij

b a
r

1 g
-

=
+

 
(6) 

 

Expression (6) proceeds from the modification of the three-point estimate and represents the way of 
concealed time reserve estimate of the resource in the activity. The value of the concealed reserve (rij) can be 
used for the determination of a purging value: 

ij
ij

ij

r
p

b
=  

(7) 

The share of a concealed time reserve (rij) and pessimistic duration (bij) should be presented in per cent. The 
share can purge the original duration which in case of the three-point estimate will be a computed mean value 
(�ij). 

3.2 Time buffers by the three-point estimate 
 [7], [10] or [5] summarise the principle of time buffer creation and their use in the Critical Chain method.  
Usually, shortening original duration for all activities about 50% is presupposed. The subtracted time is then 
used for the creation of project time buffers. This Critical Chain method approach takes into account all activities 
in the project at the same level and does not consider possible differences in individual activities and their 
resources. The time buffer computation can be carried out differently [3], using a concealed time reserves (rij) 
and derived purging parameters (pij). The computation where the three-point PERT estimate and calculated mean 
value (�ij) were used will take into account the impact of the human factor on individual activities of a different 
type and nature. New computation of non-critical paths time buffers using the Critical Chain method is as 
follows:  

Q ij ijFB p ;i, j Q…= ˛�  (8) 

where feeding buffer FBQ of a non-critical path Q is determined by the amount of duration mean value 
multiples (�ij) with the level of purging (pij). The computation incorporates those activities which occur on the 
non-critical path Q only. The computation of the time buffer of a critical path will be similar: 

E ij ijPB p ;i, j E…= ˛�  (9) 

In (9) the project time buffer on a critical path is denoted as PBE taking into account the fact that the 
computation comprises only those project activities lying on the critical path E. For the Critical Chain method 
the purging of activity duration is carried out identically for the whole project. Placing feeding buffers at the end 
of the non-critical paths and placing project buffers at the end of the project can be done any time. The time 
buffers can be placed before or after finding a critical path. This is caused by the fact that all time values for 
computation in the project time schedule are purged about 50%, which does not affect determining the critical 
path. Critical activities remain critical even after inserting the time buffers. The only change which takes place 
during the original Critical Chain method computation is the shortening of all time data to the half of their value. 
However, these described preconditions cease to be valid for the mentioned proposal of the time buffer 
computation when using the three-point estimate. It is necessary to consider omitting a critical path where the 
length of a non-critical path with its feeding buffer could become longer than the length of a corresponding 
critical path segment. The length of the corresponding critical path segment (EQ), which starts in the place of the 
beginning and finishes in the place of the end of a non-critical path Q, expresses maximum time for the 
realization of a non-critical path even with its feeding buffer. Should the non-critical path be delayed and its 
feeding buffer, based on (8), exhausted, a corresponding segment of a critical path could be omitted. This is 
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supported by the fact that the above-mentioned proposal of the time buffer computation works with individual 
activity purging. The activities on a non-critical path can be purged more than the activities on a given segment 
of a critical path. Then the feeding buffer could grow up enormously. Therefore another way of computing 
feeding buffers is necessary:  

Q rs rs ij ij QFB ( 1 p ) ( 1 p );i, j Q;r,s E… …= - - - ˛ ˛� �  (10) 

where the feeding buffer FBQ of a non-critical path Q is determined by the difference of purged duration 
amount on segment EQ of a critical path E and purged duration amount on a non-critical path Q. In sum with 
non-critical path length, the size of the feeding buffer will always be at least as big as a corresponding segment 
of a critical path. The critical path will never be omitted.  

4 Conclusion 
The article deals with possible use of the three-point PERT estimate in the Critical Chain method. The purpose 
of such connection is to eliminate the impact of human factor. The article presents the human factor impact as 
“Student Syndrome”. Its elimination can be achieved by the use of a modified three-point estimate where an 
allocated resource is not determined by an activity duration distribution peak (mode) but by a project manager. 
The activity duration distribution peak can be expressed in dependence on a “Student Syndrome” impact on the 
allocated resource, which presupposes the existence of a concealed time reserve implicitly incorporated in the 
duration time estimate made by the resource. The authors of the paper interpret the concealed time reserve of the 
resource as the difference between the middle distribution characteristics and pessimistic duration estimate. The 
paper further presents a proposal for the computation of feeding buffers and a project buffer within the Critical 
Chain method. The proposal of the time buffer computation is based on the use of the concealed time reserve and 
pessimistic duration estimate as individual purging for particular project activities. The proposals and 
preconditions mentioned in the article are theoretical without practical computation or example. In the paper, the 
authors proceed from their previous work and research done on the subject as well as from previously published 
specialist literature.   
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��������	�������������������	�������������������	��������		���	���	������	��	���������	����������	�������		����$�

$�&� '
�
������
�	�
���	
�	�
�������	����	
����������	���	����"�������	�������������	��������	�������������	���	�����"��	����"�������	���"�������������"�
���� ��	����	�� �	�������� ����� ��������	�$������ ��������	������������� ���� ������ �	�� ������	�����	��	�� �������	��
�	����	����������� ���	� ���� ������ .��!��	�� �	������������1� ������������� �����	������� ��!��	�� �	����	��$�����
�	����	�������������	�����	������	���	���������������	����������"�	���	����	����	����"�	�����������������������
	�������	����������������������	���	����	����������$�

�����	��������	��	���	����������������������	�������������	������������	������������	��	���	����	���������'
���������	��	��"�	�������	������	����	������������	����	���	����	����������	�	�������:�����������	���2	��"���Q�
�� �	��	�� �:����������� �	������� ���� ������	����� 	�� �	����	��� .�	������ �:������������ 2����� ���� ����������

� ��������	���	����	����"����������		�������$15�
�� �	�����:�����������	��������"�����������������������������	��	���	����	���.�:�����������	���		�����������'

���������	�	�������	����	����	�����������		�2��������$1$�

������	����������������	��	���	��������������.��1��������������������!��	���	����	������	�����	��"�	������'
�	��.�����	���	����	��1�2�������������2������.
1$�I�������	��	������������������	2����$�K���������������������
�����	�������	������������!���	��	���	��������������	��������	��2	���	�������	�������	����$�������������	����	�'
�������������������	������,�#�
A���������	���������2��������2�������"$��������	�����	����	��������	��������������
����	������	����	��������������������������������������2����2������	���#$�9	�����������	������������	��	���	����
���	�������������	������������$�$��������������	����������������. ��� 1������	��	2�����	���������������"������

� ��
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1�. �������� ��� 5���� 5
,� �
 ��� �� .H1�

2������"���������	����	��������������2����,�#�
A�"����������#���������������	��	������	����	����������$��

)���	�����	���"�%&� ��������������	��	�� ���	���� ���������
�������
�� ������ ��	�� ������������	��	�����������
����������������������"��	��������$��P�
R�,�A��"�R�,�H��#$�����������	������������	�������	��������	����������
�"�<���������	���	��%�	�	����+	'	������	������7����	��������������	���	����%$�&�P�
R�,�H��"�R�,�8��#$�

������	�����	���	��������	������������������	��������������.�"������#1��"��2	�������$�������������!�������
������ �	��	����� .�	��	�� �:����������1� ��� �	������	�� �	� ���� ���	��� �	���������� .����������� �:����������� 	��
�	����	����������1$�)���	��� ����������������������	2���	�����	��������	��������������		��������.����	�����'
�	���	�����	��������<%+7������1���������	���	����	����2������������	����	���������$�������	��������	��������	��
�������� ����������������	�� �����	�����"��	����"�	���	����	���$�S��������"����������	����	���������	2��������
����� ������ �����	����"� ������	��$������������!��	���	��	���:�����������	��	������	�����	���� ������� �	� ����
�������	�� ��� �	�������� 	��2�������%��	���2����� �����	������ �:����������� �	�������������������������	�� � �	����
�:�����������	���	����	��$�&������	2������	��'�	���������������.��������	����������������	2���	���	�������:���'
�������1������������	������������	�����	��������������	�����<%+7������$�

�����������	���	����	��������������	������:�������������.�"�P��#�P�,������"�P��#�P�
1�2��	���������������������
	������������������	�����	����������	��	���	����	������������	�����"��	����"$�������������	��!��	�2���������������
������	������������������
����
�
�������'
�
��.����P�
1��������	����	��	��������������	���	��������������	���'
��	�����	��������������
����
�
�����(�	� ��	����!�.��)�P�
R��"�R��#1$�

������������������:��������������������������������	���������	�����������	��	�����	���������	�����������������
����	������"��������	����"�	������������������������"�	��	���	������������	���"$����������������������	����'
����"� ����	����� �	�����	���"� ��� ���� 2�	��� �	����� .�$�$� �	�� � � 
5,
5,� �
 ���� 1$� ���� ������� 	�� �����������
��	>��������	������������	������������������	���	�����"��	����"���������$�K��	�������	���������������2��	�������
���������������	�����	�����	������������	�� �2	��	�����	������������� .������������"������#1�� ������������������
�������!�������������A7�������.�����	2��	����������������	��9������
1$�

9	�������	�����������"�����������������!���	���2��������		���	���	��������������������������������	������.�"��
�#1� ���� ����	��� ���� ����"���� 	�� �������� ����	�����"� �	����"���������� 	��"� �	�� ����� ����������� ����$����� ����
�	��	2���������������	��������	��	��������������	��������������	�������	��	���2	�������������"������#����	������'
���������������������������������������������� �!��	������	����������������������������$����������������2���������
���	�������� ������	��������	������������	��	���	�������������#�����������������	������ �	� ��������	�	�	�"�	��
<%+7�.��%$�&1���	������������.��$�1���������	��	����:�����������������������)$������2��������	��	��������
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�����$�I���������� ����� ����������	��	�� �����	����"� ������	��� ��� ������������ ���������������"� ������		����	���:�
������������������2�������������������������	����.��������������	��9������
1$������	����"�������	����	�������	���'
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��������������"�	�����������	����������������$������������	��������������#��	����������2������:�����������������
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����	�����������������������	���2������	����������������������	��������������$�I������	������������������������
�����������������������	����������������	�������	����"�������	������N������������$������	��� ���������������������'
�����������������	������� ��������"��2	�	����������������������������������	����������������	��$�K����������������
�������������	��&T���	�������U���	������;���	����	��.����	2�)���"1������������������������������	������������	2�
(���������������"�.�	���+"1������	����"�������	������&T����	����	��������2���������	����"�������	���	��N������
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7�����	$�7����������	�������	����"�������	������������	���	����"��	���	����	���	������������$�

�����	�����	����	��������	���������������������#������	���	����"�#����������	����������		���.���������������	��
9������
1$�)������������������������������������	����������	�������������"�	����������������������������������$�
����� ����� �	�������2�������������"�������"� �	�������������	�������������� ������� �������� ������������ �������	�� ����
�������$��������������� �����"��	������������	������������������������	���	����������������2���������������	��
�����������$� ������	��� ���� ��	���� 	�� 2������� ��� ���� �	���� 	�� �	�������� ����� .��� ���� ��������� ������������	��
�� �!1����������������	��	��"��������	�����������	���	�����"��	����"����������	����"��������	���������������	��'
��	��	���	����"�����������������	�����	������	�$�

(�������"����	���������������������:�����������������������	�������������������"�	���	�����"��	����"�.����
9������ �1$� ���� ��	��� 	�� ������ ������� �������� 2���������� �	�� �������� �	�������� ��� ����� ��	������ ���� ������	���
�2��������	�������������	�����$�@	���"���������������������������		���������������"���������	���������"�	���	����"$�
������2�"������������������	�����������������������	����.��������	���������"�	���	����"1����"������	��������	��
�������	������$�
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������������������	��������������.,��,$A��,$H��
1���������	��������������	������������	��%&�
��������������2	'2�"�
����"���� 	�� ���������2��� ����$� )�� �����	�� �����	�� �	����"� ����J����	��	�� �������������2��� ����	"��$�9	�� ����
��������� �:����� ���� �������"� 	�� �	����"�KV<�K���������� ������������ ����������� .�����������1�� ��������"� ����
�����	���	����"��������������������	�������	���������������������	��.�'�����������	�������!��	��	������������1$�
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Resolved and unresolved problems in the theory of 
redistribution systems 

Ji�í Benesch1, Hana Mihal�inová2, Radim Valen�ík3 
 

Abstract. This study adopts the approach (and context) taken by J. Neumann and O. 
Morgenstern in describing, defining and finding solutions to simple majority game 
of three players and applies it to finding similar solutions in the redistribution 
system of three players. This system allows us to analyse situations in which the 
volume of what can be divided between players is determined by the way the players 
divide it, i.e. it is one of the examples of a non-constant sum game. As we anticipate 
a fully symmetric situation, we may define the term of “expected average payoff”. 
From the term “expected average payoff” the concept of commonly acceptable 
equilibrium is derived. The distribution of wage at an acceptable equilibrium point is 
(in general) close to Nash’s solution to a relevant cooperative game, which is 
derived from the point whose coordinates coincide with the expected average wage, 
yet are not completely identical. In the conclusion we outline the practical use of the 
model based on the definition of the redistribution system as well as a commonly 
acceptable equilibrium in the context of testing hypotheses concerning the objects 
called structures based on mutual covering-up of violation of generally accepted 
principles. The concept of these structures was derived from analysing games such 
as The Tragedy of the Commons, in the context of current problems (e.g. corruption 
and related issues). 
Keywords: simple majority game, redistribution system, discrimination equilibrium, 
commonly acceptable equilibrium, structures based on mutual covering-up. 
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1 Three-person games in the classic book theory of games and economic 
behavior 

Published for the first time as long ago as in 1944, the classic work by J. Neumann and O. Morgenstern Theory 
of Games and Economic Behavior [8] provides major theoretical background on the description and solution to 
certain types of multi-player games. We will demonstrate that Neumann’s and Morgenstern’s ideas can be 
applied to analysing three-person games played in redistribution systems. This will allow us to identify and 
describe the discrimination equilibrium and consequently the commonly acceptable equilibrium, which are both 
highly relevant for understanding people’s real behaviour, including its ethical aspects. Although superseded in 
many respects, the work by J. Neumann and O. Morgenstern contains certain important points, which have not 
been considered enough in later research. Let’s now focus on how the aforementioned book analyses the issue of 
negotiations between three persons. The basic case comes in § 21: The Simple Majority Game of Three Persons. 
The following are the most important passages and paragraphs from which they were taken: “Each player, by a 
personal move, chooses the number of one of the two other players. Each one makes his choice uninformed 
about the choices of the two other players. … If two players have chosen each other’s numbers we say that they 
form a couple. Clearly there will be precisely one couple, or none at all. If there is precisely one couple, then the 
two players who belong to it get one-half unit each, while the third (excluded) player correspondingly loses one 
unit. If there is no couple, then no one gets anything… Since each player makes his personal move in ignorance 
of those of the others, no collaboration of the players can be established during the course of the play.“ [8, pp. 
222-223.] As thoroughly described, the game may end up either in two players receiving ½ each and the third 
player -1, or in each player obtaining 0. This is one of the simplest three-person games, yet it can be extended 
into a more complex one. In § 21.3., the authors stress that “the game is wholly symmetric with respect to the 
three players” [8, p. 224]. This statement will prove very important. The authors are rather specific in claiming 
that any potential agreement among the players will always be reached outside the basic game (i.e. it would be 
an outcome of another game). As a follow-up, the authors take the first step and extend the basic (elementary) 
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model of the simple majority game of three persons (§ 22.1.2.): “…let us now consider a game in which each 
coalition offers the same total return, but where the rules of the game provide for a different distribution. For the 
sake of simplicity, let this be the case only in the coalition of players 1 and 2, where player 1, say, is favored by 
an amount �… If the couple 1,2 forms, then player 1 gets the amount ½+�, player 2 gets the amount ½–� ,and 
player 3 loses one unit. If any other couple forms (i.e. 1,3 or 2,3) then the two players which belong to it get one-
half unit each while the third (excluded) player loses one unit. – What will happen in this game? – …Prima facie 
it may seem that player 1 has an advantage, since at least in his couple with player 2 he gets more � than in the 
original, simple majority game. – However, this advantage is quite illusory. If player 1 would really insist on 
getting the � in the couple with player 2, then this would have the following consequence: The couple 1,3 would 
never form, because the couple 1, 2 is more desirable from 1’s point of view; the couple 1, 2 would never form, 
because the couple 2,3 is more desirable from 2’s point of view; but the couple 2,3 is entirely unobstructed, since 
it can be brought about by a coalition of 2,3 who then need pay no attention to 1 and his special desires. Thus 
the couple 2,3 and no other will form; and player 1 will not get ½+� nor even one-half unit, but he will certainly 
be the excluded player and lose one unit. – So any attempt of player 1 to keep his privileged position in the 
couple 1,2 is bound to lead to disaster for him. The best he can do is to take steps which make the couple 1,2 just 
as attractive for 2 as the competing couple 2,3. That is to say, he acts wisely if, in case of the formation of a 
couple with 2, he returns the extra � to his partner.“ [8, p. 226] This point cannot be overstressed. It explains in 
depth why the players in the winning coalition have to share their payoff equally. If one of them wanted more, he 
would find himself outside the coalition and end up losing, rather than profiting (in a zero-sum game). We will 
further extend the model described in the book and address a case of different amounts that can be gained at the 
expense of the third player if the two remaining players form a coalition. The problem is described in paragraph 
22.2., entitled Coalition of Different Strength and can be briefly summarised as follows: Let’s assume there are 
amounts a, b, c (a = what players 2 and 3 may get from player 1, etc.). If player 1 wanted payoff x, then players 2 
and 3, after subtracting payoff x, must be left with more than or as much as players 2 and 3 would obtain from 
player 1 if 2 and 3 cooperated, i.e. (c–x)+(b–x)>a. This means x<(–a+b+c)/2. Thus player 1 may count upon 
obtaining the maximum payoff of �=(–a+b+c)/2, and likewise players B and C may expect obtaining payoffs 
�=(a–b+c)/2 or �=(a+b–c)/2. [8, p.228] Let us add the following to this brief summary: In every winning 
coalition, each player allied with either of the other players gets the same payoff. Or, to put it in the language of 
economic theory, the opportunity costs of forming any possible coalition are equal, based on the player’s 
potential payoff in another coalition. In the next section we will look at how the initial very simple theoretic 
model of three-player games and their analysis can be further extended by analysis of more complex games 
containing other, important and real life elements. 

2 Basic terms from the redistribution systems theory 
In the next section we will concentrate on analyses of games played in redistribution systems. The main 
difference is that these games are inconstant-sum games. The redistribution systems theory aims at identifying 
and describing the general features of group behaviour of people in companies, workplaces, teams, institutions, 
organisations, etc., i.e. in places where people work together and can share the outcome of their joint 
performance. In redistribution system games, players need to choose (in one way or another) between their own 
good (i.e. coalition) and the entire system benefit. Most generally, a redistribution system can be defined as one 
in which the amounts shared by players depend on how players share it, with this dependence well-known and 
expressible (for example, by equation). The theory of redistribution systems is addressed in a monograph by P. 
Budinský, R. Valen�ík et al. [3] One of the possible interpretations of what can be defined as a redistribution 
system is as follows: Assume there are three players, named A, B, C. These players perform differently; their 
respective performances can be expressed as e1 (performance of player A), e2 (player B performance), e3 (player 
C performance). If each player is rewarded according to his performance, together they will achieve the highest 
performance E = e1+ e2 +e3. If the reward does not correspond to the performance, the overall the performance of 
the system will decline; the greater the gap between the performance and the reward, the greater the decline. This 
can be expressed by term �R(x – e1; y – e2; z – e3), where � is a coefficient; R is the function describing the 
relevant dependence; x, y, z are the payoffs for individual players. We assume that the function R satisfies the 
distance axioms and is continuous. Payoffs for three players lie in the redistribution area based on the 
redistribution equation: 

( )1 2 3; ;x y z E R x e y e z eh+ + = - - - -  (1) 

We will further assume that all points in the redistribution area are Pareto efficient, or in other words, that 
players took advantage of all possible Pareto improvements. [13] describes an interesting interpretation 
pertaining to the type of game entitled Tragedy of Commons, which is analogous to the Prisoner’s Dilemma but 
designed for multiple players. Let’s take farmers in a drought-troubled country and their limited use of water as 
an example. The matrix includes one of the farmers on the one side and the others on the other side. If all 
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farmers (both the single one and the others) adhere to their agreement and cooperate (which, in this case, means 
obey the agreed restrictions on the use of water), both groups would get the highest yields per hectare. Collective 
and unanimous breaching of the agreement (i.e. failing to cut the use of water) would lead to much lower yields 
on all parts. If the rules are broken by only a single farmer, his yield would be much higher, leaving virtually no 
impact on the others. If, by contrast, all farmers minus the one individual farmer breach the agreement, his yield 
will be even lower than if he joined the rest in violating the agreement. If we consider the other players to be 
rational and striving to maximise their own benefits, then each of them will view the situation from his own 
perspective and his dominant strategy will be to violate the restrictions and the final result will be disastrous. Let 
us note that it is the context of these tasks that provoke general aversion to models which are based on the 
assumption that players are rational and always aim to maximize their benefit. Consequently, it incites the 
conviction that the real behaviour of people can only be explained if the models are complemented with an 
ethical dimension, which is viewed as an exogenous element. E. Ostrom offers a different view of addressing 
this dilemma [9]. Based on extensive empirical results, she presents a solution in the form of self-governance. 
Common resources can be managed by the community, without central management. A voluntarily established 
community can spontaneously create an efficient management of common resources. In other words, a 
voluntarily established community can protect common ownership, distribute the yields of that ownership among 
its members, and eliminate unentitled parties. Rather than creating mathematical models, by analysing extensive 
empirical material from various parts of the world E. Ostrom explores social institutions and applies an 
evolutionary view. We will demonstrate the existence of two types of equilibriums in redistribution systems, 
which we disclosed here, pertain to the aforementioned issue. Let us look at a three-person game where the 
players use precious resource and are allowed to distribute it in a manner consistent with the Tragedy of 
Commons type of game. We will consider a more complex case, when the individual players (farmers) farm 
under different conditions. Here each use of additional unit of water results in a different payoff for each of the 
players. From a microeconomic point of view, the maximum common income can be achieved when the 
marginal income from the last unit of water to be used by any of the players equals the marginal income from the 
last unit of water of any other player. Now suppose that players share the water at 6:4:2 ratio. If they diverge 
from that ratio, their common income will be lower – the more they diverge from that water distribution ratio, 
the lower their income. We may also accept another assumption, which is intuitively obvious and does not 
narrow the universality of our problem: if they share the water at 6:4:2, their payoffs (coming from income) will 
be distributed accordingly, and moreover, the farmers’ incomes are proportionate to the allocations of water (this 
proportion does not necessarily have to be linear). Here the general rule of the relationship between the payoffs 
and the distribution of water will be as follows: what the farmers can distribute among themselves equals the 
maximum of what they would be able to distribute (i.e. 12) minus the decline in common income, which results 
from the fact that the players will not share their income according to optimal proportion based on the equality of 
marginal income (i.e. the proportion of 6:4:2). This dependence is described by the redistribution equation (1). 
Function R can be, for example, the generally used Euclidean distance (for the ratio of 6:4:2): R[ (x-6); (y-4); (z-
2)] = �[(x-6)2+(y-4)2+(z-2)2]; Manhattan distance as the sum of the absolute values of the differences in 
performance and payoffs of the individual players: R[(x-6); (y-4); (z-2)] = |x-6|+|y-4|+|z-2|; Chebyshev distance, 
which always selects that difference from among the differences in the performance and payoffs of the 
individual players that appertains to the player with the greatest divergence: R[ (x-6); (y-4); (z-2)] = max[(x-6); 
(y-4); (z-2)]. [3, pp. 51-73] Further on we will only deal with such areas which only contain points representing 
Pareto optimal situations (this applies to all of those mentioned above), and will search for solutions on that 
areas.  

3 Discrimination equilibrium and commonly acceptable equilibrium 
Let us try to define a very simple game (similar to those we mentioned for zero-sum games from the book by J. 
Neumann and O. Morgenstern). If two players form a coalition, they can distribute among themselves everything 
the third player would get. The third player obtains the lowest possible payoff (say 0 in our case; however, there 
are situations in which the player could receive more and even less than 0). The players who have created a two-
person coalition will subsequently distribute payoffs in certain proportion among themselves. The major 
difference between this case and the one described by J. Neumann and O. Morgenstern is that the amount 
distributed among the players is not constant. Let us consider lines in which the payoff of one of the players 
equals 0 to be the so called discrimination lines, i.e. the lines of full discrimination of one player by the other two 
players. They are formed by points shared by the redistribution area with sides determined by two coordinates of 
x, y, z (Figure 1). Their course is determined by equations: 

2 3(0; ; )y z E R y e z eh+ = - - -  (2) 

1 3( ;0; )x z E R x e z eh+ = - - -  (3) 
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1 2( ; ;0)x y E R x e y eh+ = - - -  (4) 

The question is what payoff to allocate to each of the players if they form a two-person coalition (hereinafter 
referred to as the ‘coalition’) and if they fully discriminate the third player. Let us recall what happens in a zero-
sum game: First, we allocated the value corresponding to the ½:½ distribution. Then we admitted the possibility 
that one of the players might claim more, and proved that, unless he wished to become discriminated, the player 
could not claim more. Afterwards, we addressed a situation in which what is distributed is determined by 
whoever forms the coalition, and laid down a distribution rule: in creating a coalition with a player, every player 
must claim exactly what he would have claimed if he created coalition with another player. The third 
requirement can be also met in our more general case game of three persons. Just consider the equations that 
describe the course of the discrimination lines to be a system of three equations with three unknowns. If the 
function R satisfies the distance axioms, it is continuous and all points in the redistribution area defined by that 
function are Pareto-optimal. The result of this (in non-negative values) is three points, to which the following 
applies: The payoff for player A (i.e. x) would be the same in the coalition with player B or C. The payoff of 
player B (i.e. y) would be the same in coalition with player A or C. The payoff of player C (i.e. z) would be the 
same in the coalition with player A or B. Let us call the points located on the discrimination lines and complying 
with the above system of equations the points of discrimination equilibrium (Figure 1). 

 
Figure 1 Redistribution area with an indication of discrimination equilibrium 

Let the payoff values of players A, B, C, if they are in a coalition that discriminates the third player and if they 
find themselves in the points of discrimination equilibrium, be called xd, yd, zd and let us suppose that the player 
outside the coalition will obtain a payoff equal to 0. Let us now introduce the concept of a “better” point in the 
sense of Neumann-Morgenstern , i.e. point x is better than point y only if the payoff for either of the two players 
is greater in point x than y. The points of discrimination equilibrium constitute an internally and externally stable 
set (for a proof, see [3 pp. 49-50]), which complies with [8, § 4.5.3, p. 40, § 32.2., pp. 282-288).]) and can 
be considered a solution to one type of games played in the set corresponding to the redistribution area. Let us 
look at another interesting feature of the points of discrimination equilibrium. If player A in a coalition with 
player B required a payoff by some � > 0 greater than would be adequate to the discrimination equilibrium, the 
coalition of players A and B would never be formed – with the reasons being the same as stated in the above-
cited passage [8]. Each player may require a payoff for himself only increased by � = 0. If we considered a more 
complex game with multiple rounds of negotiations, and wished to express it explicitly (which exceeds the 
possibilities of our paper), player C would receive more from a coalition with player B than with player A. The 
reason is that his maximum payoff from a coalition with player A would be zAmax while his possible payoff with 
player B would be zBmax, which is necessarily higher because player A claims more than would be adequate to 
achieve the discrimination equilibrium (Figure 1). Let us reiterate that the positions of all three players in our 
basic model are fully symmetric. They feel no particular aversion or preference for each other, i.e. the final 
composition of the coalitions is not influenced from the ‘outside’; it is merely the outcome of what happens in 
the relevant redistribution system. We ought to make a brief note on what was said above in terms of the 
practical importance of the models we deal with. If we know what happens in the basic model, which is not 
subject to any external effects, and compare this to what happens in real-life systems, which we model by means 
of redistribution systems, we can find various deviations. By analysing these deviations we may subsequently be 
able to find the external factors (including the hidden ones) influencing the system, which we would not be able 
to find without the model. This is one of the practical contributions of our activities. However, in this study we 
explore the basic model which does not reckon with any external effects. What payoff may each player expect? 
Either the one he gets if he forms a coalition with one of the other two players, or the lowest payoff, which the 
other players will allocate to him if he is in the discrimination position, i.e. 0. Here it is relevant to state that the 
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player may count upon the expected average payoff, which equals 2xd/3 for player A, 2yd/3 for player B, and 
2zd/3 for player C (Figure 2). The area marked by the lines of the expected average payoffs has an important 
feature. Each point inside of it stands for a Pareto improvement for each player vis-à-vis his average payoff. 
This means that instead of an uncertain payoff, though it may be greater than the average expected payoff in two 
out of three cases but only minimal (equal to 0) in one case, a rationally behaving player is probably going to 
prefer reaching an agreement on the distribution of payoffs, so that the distribution is consistent with a point 
inside the considered area. (For the sake of simplicity, we do not consider a decline in the marginal utility of the 
payoff achieved; if we did, the area of Pareto improvements would be even greater.) Our results are important 
and may be interpreted in various ways. We can for example say that due to its mathematical foundations reality 
offers the players better prospects than if they attempt to achieve such results by means of discrimination, or that 
the mathematical foundations of our reality contain a sort of fairness, our idea of morality, etc. Let us admit, 
however, that these interpretations use a great deal of fiction. We should also note that the Pareto improvements 
of the expected average payoffs only exist in inconstant-sum games and games with more than two persons and 
are not applicable to constant-sum or zero-sum games. However, we can continue to elaborate this and ask the 
following questions: Which of the points in the area of Pareto improvements is ‘the right one’, i.e. the one on 
which the players will agree? Is there any? And if so, can players agree that their payoffs shall be distributed in 
compliance with it? Issues of this sort are addressed in [1], [2], [5], [6], [7], [10], [11], [12]. One of the possible 
and convenient answers is Nash’s solution to the cooperative game at the set corresponding to the redistribution 
area and to points defined by (2xd/3; 2yd/3; 2zd/3) coordinates. In these circumstances Nash’s solution brings 
Pareto improvement which is better than the expected average payoffs. Yet another solution can be taken into 
consideration, one that we find closer to real life situations. This solution is shown in Figure 2. 

Figure 2 will help us answer those questions. 

 
Figure 2 Redistribution area with an indication of the lines of expected average payoffs 

Bearing in mind the features/characteristics of the basic game (i.e. a game analogous to the simple majority 
game) we can imagine that the players will realise that they are better off reaching a mutual agreement. 
Nevertheless, as concerns the original game, this realisation, as well as the effort for an agreement, if any, is yet 
another game. Its relationship to the original game is only based on the fact that the exploration of certain 
features of the basic game has enabled us to unveil the area of Pareto improvements in the expected average 
payoffs, the possibility of a joint agreement and the issue of defining a game in which the players will be 
choosing one of the points of those improvements. Each of the players might attempt to form a coalition with 
any of the other two players in order to achieve the maximum improvement even if all players are already 
choosing points inside the area of the Pareto improvements of expected average payoffs. The situation would 
reoccur (compare with [11] for two players), as even the area marked by the expected average payoff lines shares 
certain features with the redistribution area. It would be possible to define and calculate the points of level 2 
discrimination equilibrium, to derive the lines of expected average level 2 payoffs from them, and consequently 
the area of the level 2 Pareto improvements. Then we could proceed to discrimination equilibriums, the lines of 
expected average payoffs, the area of level 3 Pareto improvements, etc. The situation resembles a matryoshka 
doll. Each game which enables definition of an area of Pareto improvements by certain level accommodates 
another game. These areas gradually become smaller and eventually clearly define one point, the point of 
commonly acceptable equilibrium.  Its coordinates correspond to such payoffs the players achieve if they reach a 
commonly acceptable equilibrium. 

4 Issues for further research. Practical application of the research. 
Conclusion. 

It is very probable (and this can be viewed as a hypothesis) that a point of commonly acceptable equilibrium may 
also be reached by other procedures, e.g. by finding an intersection point of the lines derived from discrimination 
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equilibriums. When searching for the point of commonly acceptable equilibrium, we change parameter dx, dy, dz, 
(the smallest payoff each player has to obtain) for each player (so far, we have considered that the value of a 
discriminated player’s payoff is 0) from the initial value (i.e. equal to 0) to the maximum possible value (i.e. the 
absolutely greatest payoff the player can achieve), without changing the values of this parameter for the other 
two players. Three lines derived from the points of discrimination equilibria will be achieved on the 
redistribution area. Having established this basis, we can lay down the following two hypotheses: 1. If we 
change parameter di, the lines derived from discrimination equilibria intersect in a single point. 2. This point is 
identical to the point of commonly acceptable equilibrium we have achieved by the above-described 
negotiations. Further evidence will be required to prove whether this is the same point as the one we found as a 
result of the ‘matryoshka doll’ procedure. Several areas are to be addressed by future research, such as defining 
various types of games played in redistribution system, establishing rules for the players to achieve a commonly 
acceptable equilibrium through negotiations and thus defining the types of games in which players will fail to 
achieve a commonly acceptable equilibrium.  

For the usual cases of the redistribution area the point of commonly acceptable equilibrium is rather close but not 
quite identical with the point defined by Nash. No matter how minuscule and insignificant this difference might 
seem to the players in real-life systems, which share some features with redistribution systems, there are certain 
existing social objects for which the significance of the above-described seems to be crucial. We called these 
objects structures based on mutual covering-up of violation of generally accepted principles. In the above-
mentioned game “Tragedy of  Commons” these situations develop when one of the players is caught by the 
second player when violating their agreement and, as a consequence, is blackmailed. Blackmailing than helps 
such structures to develop, grow and intertwine with existing social organizations or institutions. Resilience and 
vitality of these structures can only thrive if the structures manage to develop an inner system with features of a 
redistribution system in which the players are able to achieve what we called commonly acceptable equilibrium 
in the three-player game. This is a promising way to detect problems related to corruption and related 
phenomena. 
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The investment decision making under uncertainty 
Adam Borovi�ka1 

Abstract. The article deals with the decision making process in the field of capital 
market, concretely with open shares funds. At the beginning we choose the set of 
particular shares funds for future investment. The offer of funds of Investment com-
pany �eskÆ spo�itelna is accepted by potential investor. For cut-down of extensive 
set of shares funds the multiple criteria evaluation method is applied. This method is 
based on a measurement of distance from basal and ideal alternative. Under the sto-
chastic character of evaluation several ranking scenarios are created. The final order 
is stated by the assignment problem. After the fund set reduction we should select 
some of interactive multiple objective programming methods in order to make the 
final investment portfolio. In the decision making process, we take into account the 
DM fuzzy preferences in the sense desired values of objective functions. The applied 
method also includes stochastic elements leading to scenario analysis. In the end the 
"optimal" investment portfolio is designed. 

Keywords: decision making, fuzzy set, uncertainty  
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1 Introduction 
During the investment decision making process we meet several situations harbouring an uncertainty, e. g. in 
making investor preferences or prices development. We take into account all these matters in order to make 
problem more real. 

Concretely we are deciding to invest in open shares fund offered by Investment company �eskÆ spo�itelna. 
Firstly we reduce the whole voluminous set of shares funds by the help of multiple criteria evaluation method 
making provision for uncertain decision maker preferences, stochastic character of some evaluative criteria as 
well. Then we can make �optimal� portfolio of shares funds thanks interactive multiple objective programming 
method also respecting fuzzy preferences and stochastic procedure. The stochastic character is represented by the 
presence of random variables in the investment decision making. The uncertainty in the investor preferences is 
also expressed via fuzzy sets. 

The goal is to undergo the investment decision making with reference to all elements of uncertainty de-
scribed above. For that, we will apply some principles of mathematical programming.    

2 Investment situation 
Imagine some potential investor who decided to insert some money into shares funds from Investment company 
�eskÆ spo�itelna. He chooses from four groups - money-market funds, mixed funds, bond funds and stock funds 
as the following table closely shows (Table 1): 

 
Money-market funds Mixed funds Bond funds Stock funds 

Sporoinvest Osobní portfolio 4 Sporobond Sporotrend 
 Plus Trendbond Global Stocks 
 Fond �ízených výnos� Bondinvest Top Stocks 
 Konzervativní Mix KorporÆtní dluhopisový  
 VyvÆ�ený Mix High Yield dluhopisový  
 Dynamický Mix   
 Akciový Mix   

Table 1 List of shares funds offered by Investment company �eskÆ spo�itelna [7] 

                                                           
1 University of Economics, Department of Econometrics, W. Churchill Sq. 4, 130 67 Prague 3,   
   adam.borovicka@vse.cz. 
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The investor follows two criteria � return and risk. Further costs2 and Sharpe ratio3 also play a big role in the 
process. The criterion return is stated as �important� and risk as �very important�. The highest possible level of 
costs is stated as 2 % with tolerance 0.5 %, the lowest level of Sharpe ratio 0.2 % with 0.2 % tolerance to cover 
at least the risk-free yield rate. Further he requires the minimum share of one shares fund 5 % and the maximum 
level 50 % with the view of portfolio diversification. Finally only one fund from each group has to be in final 
investment portfolio.  

3 Multiple criteria evaluation method 
As the investor wants to have only one representative from each group of shares funds in portfolio, we use some 
multiple criteria evaluation method in order to choose the most suitable candidate in each group. For this pur-
pose, the following method is proposed. 

This approach accepts stochastic character presented by return as a random variable and fuzzy preferences 
about the weights of criteria. Let�s describe the method in these several steps.  

Step 1: Given the matrix of evaluation ( ),ijY y=  where ( 1, 2,..., ; 1, 2,..., )ijy i p j k= =  represents valuation 
of ith variant by jth criterion. The input information in the form of weight vector 1 2( , ,..., )kv v v v=  can be deter-
mined as stochastic, where jv is a random variable with uniform probability distribution ( , ),R a b  ijy for some j 
as well (like other assumption). For allowance, all minimizing criteria are transformed to maximizing form as 
follows 

max( ) (min) (max).ij ij ij ij iji
q y y j q y j= - " = "

 Normalize the previous values in the following formula 

1,2,..., , 1,2,..., ,ij
ij

j

q
r i p j k

g
= = =            where    max( )j iji

g q= for 1,2,..., .j k=  

Step 2: Compute the ideal alternative 1 2( , ,..., ),= kh h h h  where 

max( ) 1, 2,..., ,j iji
h r j k= =  

and basal alternative 1 2( , ,..., )kd d d d=  with a component 

max( ) 1,2,..., .j iji
d r j k= =  

Now we can come up to creation of distance from ideal ( ),u
is  or basal ( )l

is variant as Euclidean metric [3] 

2 2

1 1

( ) 1,2,..., ( ) 1, 2,..., .
k k

u l
i j j ij i j ij j

j j

s v h r i p s v r d i p
= =

= - = = - =� �  

Step 3: As we can see in [6], the shortest distance to the ideal variant does not guarantee the longest distance 
to the basal one in the case of Euclidean matric, so it is meaningful to calculate the relative indicator of distances 
from ideal alternative  

0,1 1, 2,..., .
u
i

i u l
i i

s
f i p

s s
= ˛ =

+
 

The alternative order is made in accordance with ascending values of the prior indicator. 

Step 4: In the spirit of stochastic character we get several scenarios of ranking. For the final order, a principle 
of the assignment problem4 is applied. Formulate the matrix ( ),ijT t=  where ( , 1, 2,..., )ijt i j p=  represents the 

                                                           
2 We take into account average monthly returns from 1st April 2009 to 1st December 2011. This period must be 
cut for mixed shares funds Osobní portfolio 4 and Plus because of their later foundation. The risk is stated as a 
standard deviation of fund return. The costs include the entry fees. 
3 Sharpe ratio measures the efficiency of particular investment instrument with regard to its riskiness [4]. 
4 The basic idea of  assignment problem can be described as an mutual assignment of elements from two stated 
sets that should be as efficient as possible, it means with minimum costs, maximum returns etc. [8] 
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number expressing how many times jth alternative is placed on ith position. In other words ijt  characterizes the 
fitness of assignment. Thus the assignment problem will be in the following form 

1 1

1 1

max

1 1,2,..., 1 1, 2,...,

{0,1} , 1,2,..., ,

p p

ij ij
i j

p p

ij ij
i j

ij

z t x

x j p x i p

x i j p

= =

= =

= fi

= = = =

˛ =

��

� �  

where ijx  takes 1 if the alternative j is placed on ith position, otherwise equals 0. As we try to reach the assign-
ment as efficient as possible in the sense of values ,ijt  the objective function z is maximized. 

4 Interactive multiple objective programming method 
After reduction of all groups, we come up to final portfolio creation by the help of interactive multiple objective 
programming method. This method takes into account the stochastic character in the shape of random quantities 
in the process and also uncertain investor preferences expressed by fuzzy sets.  

Step 1: Firstly define all criteria and constraints as a complex problem [5] 

1 1 2 1 2 1 1 2

1 2 1

1 2 1 2

1 2 2

1 2

[ ( , ,..., ),..., ( , ,..., )] "max" [ ( , ,..., ),...,

( , ,..., ) 1,2,...,

( , ,..., ) 1,2,...,

( , ,..., ) 1,2,...,
( , ,..., ) 1,2,...,

fi

‡ =

£ = + fi

= = +
=

�

�

�

n k n n

i n i

i n i

i n i

i n i i

f x x x f x x x f x x x

g x x x b i m

g x x x b i m m

g x x x b i m m
p x x x R q i r

1 2

*
1 1

*
1 2 1 2

1 2 2

1 2 2

1 2

( , ,..., )] "max"

( ,..., ) 1,2,...,

( , ,..., ) 1,2,...,

( , ,..., ) 1,2,...,

( , ,..., ) 1,2,...,
( , ,..., ) 1,2,..., ,

fi

‡ - =

£ + = +

‡ - = +

£ + = +
=

k n

i n i i

i n i i

l
i n i i

u
i n i i

i n i i

f x x x

g x x b b i m

g x x x b b i m m

g x x x b b i m m

g x x x b b i m m
p x x x R q i r

 

where ( 1,2,..., )lf l k= expresses lth objective function (criterion),  ( 1, 2,..., )jx j n= represents jth unknown varia-

ble, ( 1,2,..., )ig i m= is the left side and ( 1,2,..., )ib i m=
�

 is the right side of the ith limit. The values ib
�

show an 
uncertainty, so decision maker (DM) does not determines the strict demands, but only ib level with tolerance 

*
2( 1, 2,..., ),ib i m= or l

ib and 2( 1,..., )u
ib i m m= +  according to constraint type. The symbol ( 1, 2,..., )ip i r=  is the 

left side, ( 1, 2,..., )iR i r=  a relational sign, and ( 1, 2,..., )iq i r=  represents the right side of the ith limit with no 
fuzzy elements. This fact is shown in the model on the right side brightly quantifying the vague requirements in 
extreme tolerance concept. It is desirable to reach as high as possible values of all objective functions ("max").  

Step 2: Set the lower lL and upper lU bound for the lth objective. To calculate these bounds of all objective 
functions we first solve the following sub problems for each ith objective function of minimizing or maximizing 
character. 

1 2

1 2
1

1 1

1 2 1 2

1 2 2

1 2

( , ,..., ) max(min)
( , ,..., ) max(min)

( ,..., )
( ,..., ) 1,2,...,

( , ,..., ) 1,2,...,
( , ,..., ) 1,2,...,

( , ,..., ) 1,2,...,

= fi
= fi

‡ -
‡ =

£ = +
= = +

=

l l n

l l n
i n i

i n i

i n i

i n i

i n i i

z f x x x
z f x x x

g x x b b
g x x b i m

g x x x b i m m
g x x x b i m m

p x x x R q i r

*
1

*
1 2 1 2

1 2 2

1 2 2

1 2

1,2,...,

( , ,..., ) 1,2,...,

( , ,..., ) 1, 2,...,

( , ,..., ) 1,2,...,
( , ,..., ) 1, 2,...,

=

£ + = +

‡ - = +

£ + = +
=

i

i n i i

l
i n i i

u
i n i i

i n i i

i m

g x x x b b i m m

g x x x b b i m m

g x x x b b i m m
p x x x R q i r

 

Identify the optimal solution of first model as 1 ,o
jx or the second one 2 ( 1,2,..., )o

jx j k=  with the values of objec-

tive functions 0
1( ),o

l jz x  or 0
2( )o

l jz x  for , 1, 2,..., .j l k=  Then the lower ( )lL and upper ( )lU  bounds of lth objective 
function are calculated as follows 

0 0 0 0
1 2 1 2min{ ( ), ( )} max{ ( ), ( )}.= =o o o o

l l j l j l l j l jL z x z x U z x z x  

30th International Conference Mathematical Methods in Economics

- 39 -



When the aspiration levels for each objective are obtained, we can form a fuzzy model where find 
( 1, 2,..., )jx j n= so as to satisfy 

1 1

1 1 2

1 2

1 2

(min)

(max)
( ,..., ) 1,2,...,

( ,..., ) 1,...,
( ,..., ) 1,...,
( , ,..., ) 1, 2,..., .

l l

l l

i n i

i n i

i n i

i n i i

z L l

z U l
g x x b i m

g x x b i m m
g x x b i m m
p x x x R q i r

£ "

‡ "
‡ =

£ = +
= = +

=

�

�
�

�

�

                                                        (1) 

The membership functions5 for fuzzy constraints of (1) are defined as a form of triangular fuzzy number. 

According to [5], for lth constraints ( )lG accordance with minimizing objective function, or maximizing one 

1 1

( ) ( ) .

0 0

m m- -
- -
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� �
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For ith constraint ( )iE , where 11,2,..., ,i m= 1 21,..., ,i m m= + or 2 1,...,i m m= + in agreement with the type of limit, 
we can write the membership function in the mentioned order 
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According to [1] the fuzzy decision is represented by fuzzy set 1 1... ... ,k mA G G E E X= ˙ ˙ ˙ ˙ ˙ ˙ where X 
is (non-fuzzy) set of feasible solutions of initial problem, thus { , ( ) , 1, 2,..., }.n

i i iX x R p x R q i r= ˛ = The optimal 

solution *x X˛  has the maximum value of membership function 
,

min( ( ), ( )).
l iA G l E ii l

z bm m m=  On the basis of [1], 

the optimal solution can be obtained via the problem of linear programming written as follows 

1 1

1 1 2
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l
=

£ £

 

where 
,

min{ ( ), ( )}.
l iG l E ii l

z bl m m=  

                                                           
5 In [9], the membership function measures the degree of set membership. It takes the value from interval 0,1 .  
The higher value denotes the higher degree of set membership. 
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In the case of fuzzy weights of criteria, the optimal solution *x X˛  has the maximum value of membership 
function 

,
min{ ( ( )), ( )},

l l iA W G l E ii l
z bm m m m= where

lWm represents the membership functions describing the fuzzy 

decision maker preferences about the criteria. 

Step 3: Thanks the random variables in the process, we obtain several solution scenarios. Under the Monte 
Carlo concept [see more 2], the solution with the maximum value of objective function ( )l  is chosen for further 
interactive procedure. When the current solution is acceptable, the process is finished. If not, the decision maker 
(investor) has some demands for solution (portfolio) improvement that can have fuzzy character, so some addi-
tional constraints will be included in the model. We select the criteria which should be made better, then new 
constraints are as follows 

(max) (min),‡ + D " £ - D "c c
l l l l l lz z z l z z z l  

where ( 1,2,... )lz l kD = expresses the desired minimal betterment of lth criterion and ( 1, 2,..., )c
lz l k= is the current 

value of lth objective function. Under these conditions the solution can be infeasible. Then DM has to shrink his 
demands to find it. Otherwise values of some criteria must be sacrificed. The DM accepts decrease maximizing, 
or minimizing criterion in value maxD with tolerance max ,D or minD with tolerance min ,D thus  

max max max max(max) c c c
l l l l l ll z z z z z z" ‡ - D fi - £ D fi - £ D + D� � (with extreme tolerance) 

min min min min(min) c c c
l l l l l ll z z z z z z" £ + D fi - £ D fi - £ D + D� � (with extreme tolerance). 

Now the membership function for new preference constraints may be declared as 

max max min min

max min

max min

( ) ( )max max max max min min min min

max max min min

1 1
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0 0

c c
l l l l

c c
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D D

� �- £ D - £ D
� �� �D = D £ - £ D + D D = D £ - £ D + D� �
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So we must add particular constraints representing fuzzy preferences in the final model in the following form 
max max max min min min .c c

l l l lz z z zl l- + D £ D + D - + D £ D + D  

The third step is repeated till the solution is acceptable for decision maker. 

5 Back to the capital market – practical application 
Firstly for the multiple criteria evaluation process in each group of shares funds, we set the weights of criteria on 
the basis of linguistic variables as forenamed above. So the weight of return is random variable with uniform 
distribution (0,6;1)R  and the weight of risk criterion is also random variables with uniform distribution 

(0,8;1).R  Generate 10 weight scenarios, so we get 10 possible rankings of alternatives. The final order is ob-
tained via the assignment problem. The investor chooses only one alternative, consequently in the first place. 
Selected shares funds are the following - Dynamický Mix, Sporoinvest, Bondinvest, Global Stocks. 

Secondly we apply the interactive multiple objective programming method proposed above. We have 10 sce-
narios of aspiration levels of all objective functions. The final mathematical model is formulated as follows 
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where , , , ( 1,..., 4)j j j jv r n s j = is return, risk, costs and Sharpe ratio of jth shares fund, ( 1,..., 4)jx j = represents a 

share of jth fund in portfolio.  The values 1L and 1,U  or 2L and 2U are the aspiration levels of particular criterion. 

We choose the solution with the biggest objective function value for interactive procedure. Its shape is: 22.6 % 
Dynamický Mix, 22.4 % Sporoinvest, 50 % Bondinvest, 5 % Global Stocks with 1.28 % return and 2.03 % costs, 
� = 0.59.  As the portfolio risk is more important than return, so the investor wishes to make better the value of 
risk, in the concrete decrease at least under 1.9 % level, on the contrary decrease of return by 0.1 % with the 
same tolerance is acceptable.  Thus the two following constraints must be add into the model 

4 4

1 1

1.9 1.28 0.1 0.2.j j j j
j j

r x v x l
= =

£ - + £� �  

The next solution is: 48.1 % Dynamický Mix, 41.9 % Sporoinvest, 5 % Bondinvest, 5 % Global Stocks with  1.2 
%  return and 1.9  % costs, � = 0.55. The investor still wants to decrease the risk at the expanse of return, below 
1.7 % level with the same acceptable decrease return as in the first case. After the model change (similar as in 
the previous one) by supplement  

4 4

1 1

1.7 1.2 0.1 0.2,j j j j
j j

r x v x l
= =

£ - + £� �  

the solution looks: 41.1 % Dynamický Mix, 48.9 % Sporoinvest, 5 % Bondinvest, 5 % Global Stocks with  1.08 
%  return and 1.7  % costs, � = 0.5. The next demand on risk cut-down about 0.2 % is not acceptable because of 
solution infeasibility. The investor agrees with prior one.  

6 Conclusion 
The ambition of the article is to introduce the investment decision making where we usually meet many elements 
of uncertainty.  

The stochastic weights of evaluative criteria and some criterial values are taken into account as random vari-
ables with some continuous probability distribution leading to scenario analysis in the multiple criteria evalua-
tion process where one of the basic problems of linear programming is applied for making final ranking.  

The investor uncertain preferences about further important elements in the process are expressed with the aid 
of fuzzy sets, or the basic operations in the field of fuzzy logics. The weights can be also expressed by this way, 
but in this article it is not used because the uncertainty values of weights are just included in the multiple criteria 
evaluation approach. If all relations are linear, the optimal solution of fuzzy decision making problem becomes 
accessible by linear programming appliance. It is no doubt, that the extension about some nonlinear components 
is possible.  

Finally the multiple criteria objective method is applied in order to make the �optimal� portfolio with a pos-
sibility to change the solution on the basis of the investor fuzzy demands during the process.  
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Criteria for evaluating the significance of transport  
infrastructure in precedence analysis 

Josef Botlík1, Milena Botlíková2 
Abstract. The precedence analysis enables to find new links and relationships in the 
evaluation of selected variables. The most important finding is the impact of changes 
in the values on the surroundings. The basis for precedence analysis is the definition 
of system objects, elements and relationships. The system is then transformed into 
incidence matrices. Because of examining the changes that have occurred in the se-
lected variables in a certain time interval, we analyze the mutual influence of the rel-
ative and absolute changes in the values of the selected element to the neighboring 
elements. Based on relative and absolute values of these changes, we can determine 
the increases or decreases directions of these variables in the system. Then we are 
able to examine antecedents (precedences), consequents (successions) and multiple 
precedences and successions. The problem in assessing the transport infrastructure is 
the choice of criteria and their weights to determine the significance of transport in-
frastructure in the region and the subsequent search of the significance of changes in 
the time interval. In this paper we deal with changes in road infrastructure, increase 
or decrease of highways, expressways and I, II., and III. class roads. The search of 
weights for these transport structures is also presented in the paper. 

Keywords: precedence, sukcedence, cities with extended authority, infrastructure. 

JEL Classification: O18, C65 
AMS Classification: 65C20 

1 The method and tools 
In the frame of dissertation and few projects there is the analysis of traffic infrastructure impact on a region de-
velopment. Precedence analysis was used as a method. Relations of selected quantities between the cities with 
extended authority (CEAs) in Moravian – Silesian region are being analyzed. 

If we are working in the system with relations, it is if there is a mutual effect on each other, we can describe 
structural and time precedences and subsequences of effects. The matrix for precedence description is commonly 
called the precedence matrix, for capturing subsequences the succedence matrix.  Matrices can be binary, and 
these are being used in non evaluated graphs. In evaluated graphs is either being used transcription into numeri-
cal matrices or into combination of a binary matrix and a numerical vector, describing flows. The special case is 
the flow matrix, in which a write using values of „1“, „0“ and „-1“ is being used. 

In precedence matrix (resp. succedence matrix) is value „1“, if a row element is a direct precedence (resp. 
subsequence) of a column element. In other cases we write nothing into the matrix (in some cases, we write 
value „0“, if it is necessary for mathematical processing)3. 

Precedence matrices are used s a tool, allowing effective work with heterogeneous quantities. Matrices serve 
for identification and record of relations and their orientation in the system. The basis for the analysis is a finding 
of direct relations between analyzed subjects, then the basic unitary flows of tracked quantities are determined on 
the basis of uneven progress of these subjects in time. The defining of flows was done by comparison of tracked 
data of elements with a relation (adjacent CEA) in selected times. Data growths or falls were expressed for the 
data in percent and by comparison of these quantities the course of particular quantity flow was determined. 
From the identification of growth and fall between CEA the precedences and succedences are determined.  

                                                           
1 Silesian University in Opava, School of Business Administration in Karvina, Department of Computer Science, 
University sq. 1934/3, 733 40 Karvina, botlik@opf.slu.cz,  
2 Silesian University in Opava, School of Business Administration in Karvina, Department of Logistics, Univer-
sity sq. 1934/3, 733 40 Karvina, botlikova@opf.slu.cz,  
3 Own principles and mathematical apparatus are more closely described in [1], [3] , [5] a [7]. 
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1.1 Data basis 
Calculations were performed upon the data, available in the databases of Directorate of Roads and Highways and 
Department of Transportation. For model construction, map materials from the portal of public administration of 
MSR were used. Data come out from planned changes in infrastructure between 2004 to 2013. 

As default standards for weight (rate) of CEA infrastructure change determination was used specification of 
road network to highways, speed roadways, 1st, 2nd, and 3rd roadways, their increase (or decrease) in a region. It 
was evaluated, if there is a connection of particular roadway and other parts of infrastructure inside and outside 
CEA, whether there is a connection to an infrastructure with higher significance rank (European, TEN-T4, 
transeuropean networks, corridors, etc.). Next factor was the number and placement of slip roads, new roadways 
integration into regional and local structures (bypasses, through roads, etc.) and creating of particular infrastruc-
ture types. Also the negative traffic impacts of transitive character were assessed. A coefficient of region signifi-
cance was used for determination of flows (density and quality of infrastructure and connection onto other struc-
tures)5 in case that particular CEAs had not construction at disposal in selected period. 

A weight table of infrastructure growth for particular CEAs was created on the basis of selected group of 
standards. The region significance coefficient (density and quality of infrastructure and connection to other struc-
tures) was used in case that relevant CEAs did not have construction in selected time period. 

1.2 Precedences and multiple precedences 
On the basis of determined weights there was calculated the value determining the growth of traffic infrastruc-
ture for every CEA. After the calculation of relative changes between adjacent CEAs, the precedence matrix was 
created. The matrix has 23 rows and columns, rows and columns consist of a listing of 22 CEAs and their sur-
roundings. In every matrix row was a value „1“ entered in the case, that row CEA precedes column CEA in the 
meaning of tracked quantity (has lower value of this quantity). By calculation of particular precedence matrix 
power were multiple precedences found. Multiple precedences show the range of tracked quantity changes in 
particular CEA onto the surrounding. The existence of precedence of particular length points to the existence of 
a track in the system. This track length is equal to power of particular precedence matrix. During transition be-
tween particular CEAs, there is always a growth of particular quantity.  

Upon a binary multiplication6 there are the existences of particular length precedences determined between 
particular CEAs. By classic multiplication of matrices we will obtain a frequency of these precedences between 
particular CEAs. For the analysis were powers calculated to the exponent of 8. Further powers of matrices con-
tained only null values. 

2 Weight adjustments of particular traffic roadway types 
When determining the weights for particular traffic roadway types and their impact on the surrounding, four 
main variants were examined. 

Variant 1  
The variant allowed for spinal connections and an existence of roads of higher significance. 
Basic weights of particular changes in CEAs were determined as follows: D = 5, R= 4, I. = 3, II. = 2, III. = 1, 
influence on the surrounding = 2. Changes in regions were points awarded according to their range and edited 
according to weights. To prevent casual concurrence in adjacent (MRP), the region significance coefficient was 
added in 0.2 to 1.5 interval, determined on the basis of CEAs inhabitants, location and size. 

Variant 2  
In next analysis there were adjusted the weights of slip roads. The aim was to allow for connecting of CEA onto 
spinal roadway. The variant allows for spinal connections and their connection onto existing infrastructure in 
given locality (number of slip roads). In this case was the weight of existing slip roads increased from a value 
„3“ to a value „6“. 

                                                           
4 TEN-T / Transport infrastructure, available at: http://ec.europa.eu/transport/infrastructure/index_en.htm, online  
20.10.2011 
5 In more detail for example in literature [6]. 
6 In more detail for example in literature [1] 
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Variant 3 

This variant includes the negative impact of a highway in the case, that it is only a transitive roadway. The 
weight of highway stretches without connection to traffic infrastructure of a region was decreased to „1“, high-
way stretches with connection to existing infrastructure have still a value of „6“.  

Variant 4 

Last variant determines the weights so that it concludes to advantage of regional traffic. 

Connection of a highway to existing infrastructure = 6 without slip roads, R and I. = 4, II. And III. = 2. 

Upon the growth of particular infrastructure type and particular weights it concluded in 2004-2013 period to 
quantification of traffic infrastructure growths. Values for tracked 4 variants of weights are in the table 1. 

 

 
Table 1 Quantification of traffic infrastructure growths 

2.1 Precedence changes for particular weight variants 
Table 2 shows the numbers of precedences of available lengths. Numbers are stated upon binary and standard 
multiplication of matrices. In the left part of the table are changes of precedence number without multiplication 
between identical predecessors and successors. In this case, at the existence of particular length precedence 
without multiplication between two CEAs is their existence recorded. In the right part are the changes in multi-
ple precedences. In this case is their number recorded at the existence of particular length precedence between 
two CEAs.  
 

 
Table 2 Numbers of precedences of different length 

It is clear from the Figure 1 that many changes of traffic infrastructure in chosen time interval manifest mostly to 
distances of second precedences. Variant 3 with allowing for the negative impact of transitive roadways has the 
lowest number of precedences at all levels of precedence (at all track lengths) and affects the least surrounding 
CEAs. Largest impacts on direct surrounding have variants 1 and 4, variant 2 has larger influence (in comparison 
of all variants) on more distant CEAs. For next analysis there are equations of regression added, formed by 6th 
order polynoms. These equations are used in further analysis for finding a similarity with other examined quanti-
ties. 

The Figure 2 compares the numbers of multiple precedences. At this evaluation is the largest impact on sur-
rounding at variant 1, smallest impact, again, at variant 3. It is clear from the graph, that largest numbers have 
precedences of length 3, at variant 1 and 2 even precedences of length 4. Consequently, between particular 
CEAs, more distant relations occur in larger number of combinations. 
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Figure 

 

Figure 2

 
Figure 1 Number of different length precedences 

 
2 Number of different length multiple precedences 
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Following graphs represent gradually the changes of impacts according to particular CEAs. These graphs show 
the number of precedences and multiple precedences between the various CEAs. The first and third line shows 
the precedences, second and fourth line shows the multiple precedences. 
 

 

 
Figure 3 Influence of particular CEAs on different CEAs 
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3 Conclusion 
It is clear from the graphs, that largest impact have the CEAs 1, 2, 6, 12, 15, 17, 19 and it is in all the variants of 
weights with minimal differences. Largest impact on the surrounding has, therefore, in MSR the construction of 
D1 and R48 highway. 

What is for the whole precedence number, is that the largest impact is recorded at CEAs 6, 15 and 19. It is 
clear here, that changes of traffic infrastructure are concentrated to large cities. 

The proposed method is based examination of change impacts on surrounding, its number and length. The 
results of analysis are possible to compare with analysis of different, seemingly heterogeneous quantities, at 
which we examine, again, the number and range of changes. The expression of impacts using the precedences 
will allow finding similarities in different quantities behavior on surrounding. In relation to investigation of 
changes in time interval we can analyze also the inertia of changes and time slips between changes at different 
quantities.  
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The usage of precedence in analysis of impact of the economic 
crisis for accommodation services 

Milena Botlíková 1, Josef Botlík 2 
Abstract. The paper deals with the evaluation of changes in occupancy of 
accommodation facilities in different regions of the Czech Republic in time of the 
economic crisis. Input data are obtained from the Czech Statistical Office. In 
selected time intervals there are detected increases and decreases in values of 
selected data relating to accommodation services. These changes are compared 
within each region and are recorded into precedence matrices. Relations captured 
through precedence are gradually analyzed using the matrix exponentiation. Based 
on the exponentiation there are identified regions, among which we can observe non 
decreasing respectively non increasing changes of the monitored values. In more 
detailed, there are observed precedence of various lengths and found the maximal 
precedence. The precedence analysis make possible to monitor changes and 
directions of influence of economic crisis between regions. Comparison of 
calculated precedence at different time intervals shows the possible dependencies 
between the variables being monitored in individual regions. The research results 
can be subsequently used for comparison with changes of other economic variables 
and the determination of dependencies between these variables. 

Keywords: precedence, sukcedence, cities with extended authority, infrastructure. 

JEL Classification: O18, L83 
AMS Classification: 65C20 

1 Introduction 
Paper is based on research projects CZ.1.07/2.3.00/09.0197, SGS/24/2010 and SGS/23/2010. In the projects 
there were sought generally applicable tools for capturing state variables changes. There were searched easily 
applicable tools to analyze the dynamic properties of systems. 

Basic principles of described method lie in capturing of seemingly heterogeneous quantities and phenomena 
by their change through time or space, determination of precedences and sequences of these quantities, their 
description using mathematical apparatus and comparable results generating using standard operations. 

A relatively wide opportunity offers the precedence matrix 

With precedent and subsequent events, we can analyze the temporal and structural changes in systems. To 
facilitate the processing is appropriate the use of matrixes in which the link between a line element and a column 
element is captured. In practice, we use the capture of precedence or succedens of the inline element and the 
matrices are called precedence (succedens) matrices. Using simple operations on these matrices, we can analyze 
the existence and frequency of links between elements of the system.  The results were published for example in 
[2], [3], [4] or [5]. 

2 Model creating 
A segmentation of Czech Republic into regions was used for the analysis. On this basis was a simple network 
graph created, which captures relations between particular regions. Relation is defined by adjacency of particular 
regions, which have borders with other countries, have defined relation with surrounding.  
In this phase of analysis is not captured, with which countries are given regions adjacent with, relation is a 
common relation to surrounding. 

On the basis of network graph is the model transcribed into incidence matrix. In this matrix is the relation 
structure between particular regions captured. The matrix has defined one row and one column for every region 

���������������������������������������� �������������������
1 Silesian University in Opava, School of Business Administration in Karvina, Department of Logistics, 
University sq. 1934/3, 733 40 Karvina, botlikova@opf.slu.cz 
��Silesian University in Opava, School of Business Administration in Karvina, Department of Computer Science, 
University sq. 1934/3, 733 40 Karvina, botlik@opf.slu.cz. 
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and for surrounding. In every row is a value „1“ in such column, for which there is a relation of region, described 
by a row and a region described by a column.

As a time interval for the crisis period, was chosen the period from 2008 to 2011 (data for 2012 year are still 
incomplete). From the data the percentual changes were calculated out in relation to the beginning of interval. 
Upon comparison of percentual falls and growths in regions, were the courses of particular quantity changes 
between particular regions determined. Determining of the courses allowed the construction of oriented graphs 
and creating precedence matrix3. 

 

3 Date and analysis 
In this phase of analysis there are not the rules for creating of network graph abided by, there are not cycles 
tracked. Concurrently is the graph considered as an 
being solved (for example: Prague has a relation only to Mid
determined, for this analysis, as an average from existing values.

The data from public database of Czech Statistical department was used for this analysis. Upon the growths 
and falls of guests in accommodation facilities there was analyzed the use of rooms in particular categories of 
accommodation facilities (hotels “*****
following table presents the occupancy of rooms in particular regions and changes in the interval of 2008
From the table is clear lack of data for analysis of

�����������������������������������������������������������
3 More in detail look in literature in references below

and for surrounding. In every row is a value „1“ in such column, for which there is a relation of region, described 
a column. 

As a time interval for the crisis period, was chosen the period from 2008 to 2011 (data for 2012 year are still 
incomplete). From the data the percentual changes were calculated out in relation to the beginning of interval. 

centual falls and growths in regions, were the courses of particular quantity changes 
between particular regions determined. Determining of the courses allowed the construction of oriented graphs 

Figure 1 Creating of incidence matrix 

In this phase of analysis there are not the rules for creating of network graph abided by, there are not cycles 
tracked. Concurrently is the graph considered as an subgraph of higher land structure and abnormalities are not 
being solved (for example: Prague has a relation only to Mid-Czech region). The values of surrounding are 
determined, for this analysis, as an average from existing values.  

of Czech Statistical department was used for this analysis. Upon the growths 
and falls of guests in accommodation facilities there was analyzed the use of rooms in particular categories of 

*****”, hotels “****”, hotels “***”, guest houses and other hotels). The 
following table presents the occupancy of rooms in particular regions and changes in the interval of 2008
From the table is clear lack of data for analysis of “*****” hotels. 

 

�������������������
More in detail look in literature in references below, for example, in the literature [1] or  

and for surrounding. In every row is a value „1“ in such column, for which there is a relation of region, described 

As a time interval for the crisis period, was chosen the period from 2008 to 2011 (data for 2012 year are still 
incomplete). From the data the percentual changes were calculated out in relation to the beginning of interval. 

centual falls and growths in regions, were the courses of particular quantity changes 
between particular regions determined. Determining of the courses allowed the construction of oriented graphs 

�

In this phase of analysis there are not the rules for creating of network graph abided by, there are not cycles 
land structure and abnormalities are not 

Czech region). The values of surrounding are 

of Czech Statistical department was used for this analysis. Upon the growths 
and falls of guests in accommodation facilities there was analyzed the use of rooms in particular categories of 

, guest houses and other hotels). The 
following table presents the occupancy of rooms in particular regions and changes in the interval of 2008-2013. 

] or  [6]. 
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Figure 2 Creating of precedence matrix (number of guests in accommodation facilities in regions)

 

For particular tracked quantities there were gradually calculated powers of precedence matrices and the number 
of particular length precedences. Upon the 
the ratios of precedences and succede
for particular regions in comparison with other regions. 

As a result, followed comparison of precedences of different lengths at specific quantities.
are precedence matrices for tracked quantities.  Resulting numbers of precedences were compared and show 
changes, to which it led during the crisis period of 2008. The more precedences given region contains, the higher 
growth (or lesser fall) of particular quantity value
regions.  

reating of precedence matrix (number of guests in accommodation facilities in regions)

Table 1 Occupancy of rooms in percent 

For particular tracked quantities there were gradually calculated powers of precedence matrices and the number 
length precedences. Upon the number of precedences between particular regions were determined 

the ratios of precedences and succedences. These show the ratios between the growth and fall 
in comparison with other regions.  

As a result, followed comparison of precedences of different lengths at specific quantities.
matrices for tracked quantities.  Resulting numbers of precedences were compared and show 

changes, to which it led during the crisis period of 2008. The more precedences given region contains, the higher 
quantity values during the crisis period it recorded in relation to 

 

Figure 3 Precedence matrices 

 

�

reating of precedence matrix (number of guests in accommodation facilities in regions) 

�

For particular tracked quantities there were gradually calculated powers of precedence matrices and the number 
of precedences between particular regions were determined 

These show the ratios between the growth and fall of given quantity 

As a result, followed comparison of precedences of different lengths at specific quantities. On the Figure 3 
matrices for tracked quantities.  Resulting numbers of precedences were compared and show 

changes, to which it led during the crisis period of 2008. The more precedences given region contains, the higher 
s during the crisis period it recorded in relation to surrounding 

�
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Graph 1 Ratio of precedences and sukcedence for particular regions 

It is clear from graph 1, that the largest increase (lowest decrease) of attendance in collective accommodation 
facilities in regions, recorded Prague, what could be presumed. Relatively large number of precedences is then in 
Karlsbad region and Pilsen region. The largest fall, in relation to its surrounding, recorded Liberec region, 
Pardubice region a Moravian – Silesian region. In these regions there is null number of precedences. 

Hradec Králové region, South Moravian region, Olomouc region and MSR at the same time recorded a 
significant fall of room occupancy in higher parameters hotels. Pilsen region has even layout of room occupancy, 
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in all categories of accommodation 
comparison of Liberec region. This region has larger fall of 
surrounding, yet it has increase in all types of 
a larger number of long-term accommodated
small number of clients is a high bed use).

Total number of precedences for tracked quantities presents graph 2.
highest number of precedences is of level 2 precedence, relatively high number of level 3 precedences
that we can follow a relatively lots of tracks between the region of length 2 and 3 transitions, where particula
quantities are growing (resp. non-falling). It is clear 
regions have the numbers of accommodated
not more distant relations. On the
facilities has the impact less intensive, but of wider range.

The last table shows the totals of precedences and succedences at 

Table 2 Precedence

 facilities it recorded a growth in relation to its surrounding. Interesting is the 
comparison of Liberec region. This region has larger fall of accommodated, than all the other regions in 
surrounding, yet it has increase in all types of accommodation facilities. It is clear, that this increase is causes by 

accommodated visitors and smaller capacity of accommodation
high bed use). 

Total number of precedences for tracked quantities presents graph 2. On this graph it is visible, that the 
highest number of precedences is of level 2 precedence, relatively high number of level 3 precedences

we can follow a relatively lots of tracks between the region of length 2 and 3 transitions, where particula
falling). It is clear from the graph, that the largest impact on surrounding 

accommodated in “****” hotels, yet, this impact is on direct surrounding and has 
not more distant relations. On the other hand, occupancy of beds in *** hotels and other 
facilities has the impact less intensive, but of wider range.  

 

Graph 2 length of precedences 

The last table shows the totals of precedences and succedences at tracked quantities in particu

 

Precedences and succedences Czech Republic regions 

growth in relation to its surrounding. Interesting is the 
, than all the other regions in 

this increase is causes by 
accommodation facilities (even at 

graph it is visible, that the 
highest number of precedences is of level 2 precedence, relatively high number of level 3 precedences. It means, 

we can follow a relatively lots of tracks between the region of length 2 and 3 transitions, where particular 
that the largest impact on surrounding 

hotels, yet, this impact is on direct surrounding and has 
other hand, occupancy of beds in *** hotels and other accommodation 

�

tracked quantities in particular regions.  

�
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Graph 3 presents in detail the total of precedences and succedences for particular regions in tracked quantities.

Graph 

4 Conclusion 
The contribution shows opportunities of 
analysis is able to use at tracking of intensity and range, by whic
surrounding. Intensity is measurable by the number of precedences, the range by the level of precedence.
suitable to extend the method by determination of
classic multiplication of precedence matrices. In this contribution were used operations, defined in 
give at the same length precedences between the same elements the existence of precedences, not the number at 
all. 
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Analysis of factors influencing toll amount collected  
on the Czech roads 

Milena Botlíková,1 Šárka �emerková2,  
Abstract. The problem of fee for using the highways and first class roads (toll), col-
lected in the Czech Republic is investigated in this paper. Legal basis for the tolling 
are the “Act on the toll”, “notice on the using charging roads”, and also in a near fu-
ture forthcoming “Act to extend the toll”. Currently State Fund of Transport Infra-
structure (SFTI) faces a lack of funding; therefore it is necessary to analyze the vari-
ous items of income for subsequent determination of the amount. Tolls as one of the 
most important component part of the revenue budget SFTI of the Czech Republic 
determine the further development of transport infrastructure. The development 
must be in accordance with Transport Policy of the Czech Republic and European 
agreements. Collected toll amount may be influenced by different factors e.g. the 
number of registered vehicles, road transport performance, or intensity of traffic, etc.  
Because the influence of these factors on the toll varies, it is necessary to determine 
the significance and the relationships between these factors. Analysis of the toll im-
pact can then be used to determine the correct amount of tolls. This will create prop-
er conditions for further development of sustainable transport. 

Keywords: toll, road, analysis, influence, infrastructure, transport. 

JEL Classification: C44, C01, C51 
AMS Classification: 62P20, 62J12, 91B70 

1 Introduction 
Development of transport infrastructure is earmarked as one of the priorities of the strategic plans of the CZ.  
According to many sources indicated the development of road infrastructure as one of the most important in-
struments having a significant multiplier effect leading to the stimulation of economic development of the CZ. 
Construction and modernization of road infrastructure experienced a big boom in recent years. The construction 
of many roads of national and European nature has happened during the past years. The need to build high-
quality transport infrastructure is resulting from a strategic position of the CZ and the need for the road network 
connecting European transport corridors. 

Original intentions have changed in recent years. Due to political instability and economic situation, there 
was a reason they are impeding the development of decreasing financial resources. State Transport Infrastructure 
Fund, which provides financing and development of transport infrastructure, finance and disposing of state funds 
from the European Union, recorded since 2008, is decreasing national expenditure framework. Insufficiency 
cover construction and modernization of transport infrastructure and national resources in recent years has been 
dealt with by EU finance and the CZ exceeded the principle of additionality, which would ensure that funds will 
not be from the European Structural Funds used to replace national structural subsidies for public financing and 
similar expenditure would otherwise be funded from the state budget. 

Although the convergence programs of governments define the development and modernization of transport 
infrastructure as a priority to increase the competitiveness of the CZ in the EU, with the advent Ne�as govern-
ments seeking to reduce the public deficit has been a drastic reduction of funds for development and much of the 
transport structures remained in various stages under construction, some projects were not started at all. For 
example, in 2010, was stopped 12 vehicles, including the strategically important crossroads Silesian cross form-
ing in the European transport corridor. 

.  
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2 The toll 
Result of efforts to increase national expenditure framework has been gradually in previous years to increase the 
income of individual items of the State Transport Infrastructure Fund. Over the years, payments from income 
were gradually increasing, i.e.  income from fuels and lubricants, the signs and highway tolls. 

The introduction of tolls in 2007, should contribute not only to obtain funds to fund transport infrastructure 
[5], but also to fulfill the control function, to eliminate congestion and externalities in the traffic flows, when the 
introduction of a toll in Germany and Austria became the Czech Republic – one of the transit countries. 

Toll rates and their changes  

Pay toll payment for actual mileage, the amount of which is differentiated according to the season and the 
environmental burden, and in recent years has seen several changes. Individual changes in the above toll from 
both those related to highways, and on the expressways and roads. In completing individual sections of the mo-
torway and road network is to expand the number of sections subject to toll charges. Since 1997, when there 
were about 1 160 km charged roads, it is now charged about 1300 km road network (which is about 2% of the 
total length of road infrastructure). In 2010 the extension of the payment obligations to vehicles from 3.5 tons 
was realized. Until this year there was obligation to pay a toll only on vehicles from 12 tones. Other changes in 
toll scope can be seen in Table 1. 

 

2011 2012 

Increase in toll rates by 25% Increase in toll rates by 25% 

Implementation of a compensation system Possible introduction of 20% VAT 

Online system for monitoring of arrears Quantity discounts 

Friday discount on toll rates  

Table 1 Current changes in toll 

Between 2010 and 2011, there were no changes in the amount of toll. The increase is related to that year only 
runs Friday, which was connected with an effort to reduce freight during weekend days. Years 2012 has seen an 
increase not only in Friday, but even ordinary days and were compared to previous years vehicles to charge 
EURO V and above, which by this time were exempt from tolls. Toll rates are shown in the following table 2. 

 
  highway first class roads 

Emissions Axle  
vehicle 2010 

2011 2012 
2010 

2011 2012 

Ordinary/Friday Ordinary/ Friday Ordinary/ Friday Ordinary/ Friday 

EURO II 

2 2.3 2.26 / 2.88 3.34 / 4.24 1.1 1.08 / 1.37 1.58 / 2.00 

3 3.7 3.63 / 5.55 5.67 / 8.10 1.8 1.77 / 2.70 2.74 / 3.92 

4 + 5.4 5.30 / 8.10 8.24 / 11.76 2.6 2.55 / 3.9 3.92 / 5.60 
 

EURO III 2 1.7 1.7 / 2.12 2.61 / 3.31 0.8 0.79 / 1.00 1.23 / 1.56 

and more 3 2.9 2.9 / 4.35 4.45 / 6.35 1.4 1.37 / 2.10 2.14 / 3.06 

� 4 + 4.2 4.2 / 6.30 6.44 / 9.19 2 1.96 / 3.00 3.06 / 4.38 

EURO V+ 

2   1.67 / 2.12   0.79 / 1.00 

3   2.85 / 4.06   1.37 / 1.96 

4   4.12 / 5.88   1.96 / 2.8 

Table 2 Rates of toll (in CZK/km) [8] 
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Picture 1 Czech sections Toll roads in 2008 and 2012 [6] 

Increase in toll rates along with the increase in the number of kilometers of toll, however, did not bring the 
desired effect. The increase in revenues of the State Fund for Transport Infrastructure Development of the toll is 
still not sufficient and in the second half of 2011 declined. 

Many analyses are based on the assertion that if the toll increases further, the individual carriers, burdening 
the already high price of fuel, try to search cost-free route – route without tolls. Of the factors that need further 
analyze the different factors that selected toll on the amount of influence. 

Picture 2 Toll amount collected on the Czech roads, in thousands CZK [4] 

3 Factors affecting the selected toll and finding a mathematical model 
In search of factors affecting the amount of tolls the following factors were selected: price of diesel at filling 
stations in the CR (X1 explanatory variable), transport performance (variable X2) and the number of goods vehi-
cles of categories N2 and N3 split into second-hand vehicles (X3) and the newly registered vehicles (X4). These 
factors were selected for the following reasons: 

• The price of oil affects the volume of traffic. 

• It is assumed that increasing the transport performance will match the growing volume of selected 
toll. 

• The old trucks do not meet the higher standards and meet the EURO higher toll rates. It can be as-
sumed that with the increasing number of these vehicles there will be selected higher toll. 

• In contrast, newly registered vehicles are mostly new vehicles meet the highest standard EURO and 
they therefore correspond to the lowest toll rate, i.e. with the increasing number of these vehicles at 
the expense of used cars it will reduce the toll. 
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